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Abstract. We define an extension of the polynomial calculus on a VF* -probability space by 
introducing an algebra C{Xi : i 6 1} which contains polynomials. This extension allows us 
to define transition operators for additive and multiplicative free convolution. It also permits 
us to characterize the free Segal-Bargmann transform and the free Hall transform introduced 
by Biane, in a manner which is closer to classical definitions. Finally, we use this extension of 
polynomial calculus to prove two asymptotic results on random matrices: the convergence, as 
N tends to oo, of the *-distribution of the Brownian motion on the linear group GLjv(C) to 
the *-distribution of a free multiplicative circular Brownian motion, and the convergence of the 
classical Hall transform on U(N) to the free Hall transform. 
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2 guillaume cebron 

Introduction 

Conditional expectations. Throughout this paper, (A, r) will denote a M / *-probability space, 
two random variables A, B £ A will be said to be free if the von Neumann algebras generated 
by A and B are free, and t (-\B) will denote the conditional expectation from A to the von 
Neumann algebra generated by B (see Section 12. ip . 

In [TJ, Biane shows how to compute some conditional expectations in a free product of von 
Neumann algebras: let us recall Theorem 3.1 of [7J, which is in practice accompanied by a 
characterization of the Feller Markov kernel involved. 

Theorem (Biane [7J). Let (A,t) be a W* -probability space. Let A,B £ A be two self-adjoint 
random variables which are free. Then there exists a Feller Markov kernel K = k(x, du) on 
RxR such that for any Borel bounded function f on R, 

r(f(A + B)\B) = Kf(B) 

(where Kf(x) = J R f(u)k(x, du)). 

In this theorem, the Feller Markov kernel K depends on both A and B £ A. Informally, we 
might expect that for any Borel bounded function / on R, there exists an object RaI which 
depends only on A such that for all B £ A free with A, 

r(f(A + B)\B) = R A f(B). 

Let us summarize how we answer partly this question in Section [21 

We extend the notion of polynomial calculus to a more general calculus. Let A £ A. We are 
more interested by random variables of the type r (Pi (A)) • • • r (P n (A)) ■ Pq (A) , with n £ N, 
and Po, . . . , P n € C [X] than by random variables of the type P (A) with P £ C [X] . One could 
object that the random variables are exactly the same. However, the interest resides in the fact 
that for all n £ N, P , . . . , P n £ C [X] , the map 

A^T(P 1 (A))---T(P n (A))-P (A) 

cannot be represented by a polynomial calculus nor by a functional calculus but this sort of 
maps are essential in the following development. 

Let us denote by C{X} the vector space generated by the formal vectors 

{P tr (P x ) • • -tr (P n ) : n £ N,P , . . . ,P n £ C [X]} . 

For P = Po tr (Pi) • • • tr (P n ) £ C{X} and A £ A, let us denote by P(A) the random variable 
P(A) = t (Pi (A)) --^{Pn (A)) • P (A) and we extend this notation to all C{X} by linearity. 
We construct the vector space C{X} and the C{X}-calculus more precisely in Section [TJ In the 
same section, we construct similarly the space C{X, X -1 } (which naturally contains the space 
of Laurent polynomial C [X, X~ 1 ]) and the C{X, X~ ^-calculus. More generally, for all index 
set /, we construct the space C{Xi : i £ 1} and the C{Xj : i £ /}-calculus. We are now able to 
formulate the following theorem, which is a version of Theorem 12.81 for one variable. 

Theorem 1. Let A £ A. There exists a linear operator Aa ■ C{X} — > C{X} such that for all 
polynomial P £ C[X], and all B £ A free with A, we have 

t{P{A + B)\B) = (e AA p)(B). 



Theorem [T] (or Theorem 12. 8p has two advantages. Firstly, it deals with arbitrary non- 
commutative random variables, and not only with self-adjoint variables. Secondly, it introduces 
a transition kernel e A which depends only on the variable A which we convolved with. 

In [7], Biane established multiplicative versions of his theorem. There is also a multiplicative 
version of Theorem [T] in Theorem I2.1U1 Let us formulate a version for one variable. 
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Theorem 2. Let A £ A. Then there exists a linear operator Da ■ C {X} — > C {X} such that 
for all polynomial P £ C[X], and all B £ A free with A, we have 

t(P(AB)\B) = (e DA p) (B). 



Section [2] is devoted to the proofs of Theorems 12.81 and 12.101 which are multivariate versions 
of Theorems Q] and [2j 

Free Hall transform. In Section [3J we use and extend Theorems 12.81 and 12. 1UI to give another 
description of the free Segal-Bargmann transform in Theorem 13.11 and of the free Hall transform 
in Theorem 13.71 Let us explain the result for the Hall transform. 

Classical Hall transform. Let N £ N*. We endow the Lie algebra u(N) of the unitary group 
U(N) with the inner product (X, Y) U , N \ = NTr(X*Y), and the Lie algebra qI n (C) of the linear 
group GL/v(C) with the real-valued inner product {X, Y) , ,q = 2iVKTr(X*Y) (see Section^]). 
These scalar products determine right-invariant Laplace operators Aj/nv) an d ^gl n (c) respec- 
tively. The Brownian motion on U(N) is a Markov process (C/ t )tgR+ on U(N), starting at the 
identity, and with generator ^^-utN)- F° r an * £ ^ + > we denote by L 2 {Ul ) the Hilbert space 



| / (Ut N) ) : / complex Borel function on U(N) such that E /" I Uf ' ) 
The Brownian motion on GL^(C) is a Markov process (G\ )t<su+ on GLj^(C), with genera- 



f (ur 



tor 2&-gl n (C)i starting at the identity. For all t G M + , we denote by L\ Q \(G t ) the Hilbert space 



F ( G\ ) : F holomorphic function on GLn(C) such that E 



F 



(« 



n 



< +CX3 



The fact that L^ ol (Gj ) is a Hilbert space is not trivial. It is a part of the Hall theorem which 
may be stated as follows (see [TT], [H] and Section fOj) . 

Theorem (Hall [II]). Let t £ R+ . Ze£ / be a Borel function on U(N) such that f(U^ N) ) £ 
L 2 (C/ i ). The function e? "M / /ias an analytic continuation to a holomorphic function on 
GL N (C), also denoted by elV)/. Moreover, e^ Au W f(G { t N) ) £ Ll ol {G { t N) ) and the linear 
map 

B t :f(uW)^e^f( G W) 

is an isomorphism of Hilbert spaces between L 2 (Uf ) and L^ ol (Gj ) called the Hall transform. 
Ln particular, for all bounded Borel function f, we have Bt[f(U^ )) = F(G t J, where F is 

the analytic continuation ofU^-E, f (u\ U) to all GLjv(C). 



Free Hall transform. Let (A, r) be a W* -probability space. 

Let (ft)t£R+ be a free unitary Brownian motion, and let (Gt) teR + be a free circular multiplica- 
tive Brownian motion (see [BJ, or Section |3.3|) . Let t £ M + . We denote by L 2 (Ut,T) the Hilbert 
completion of the *-algebra generated by Ut and Uf for the norm || • ||2 : A i— >■ r (A* A) ' , 
and by L^ ol (G(, r) the Hilbert completion of the algebra generated by Gt and G7" for the same 
norm || • ||2- 

In [6J, Biane defined the free Hall transform. This definition is based on a restriction of the 
free Segal-Bargmann transform in infinite dimension, as Gross and Malliavin did in the classical 
case in [TU] . In Theorem O a simplified version of Theorem 13.71 we give a description of the 
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free Hall transform more direct and very close to the classical description thanks to the space 
C{X, X~ 1 } (see Section [3761 for more details about those two theorems). 

Theorem (Biane [BJ ) . Let t G M + . There exists a linear transform Qt of the space of Laurent 

polynomials C [X,X _1 ] such that Ft '■ P[Ut) *-* Gt(P)\GA is an isometric map which extends to 



a Hilbert space isomorphism Tt between L 2 (Ut,r) and L^ ol (Gi,r) called the free Hall transform. 
Theorem 3. Let t G K + . For all P G C [X], F t (P(U t )) = tP v *P{Gt). Moreover, if (U t ) tm+ 
and (G t ) tm+ are free, for all P G C{X, A"" 1 }, F t (P(U t )) = r(P(U t G t )\G t ] 

Random matrices. Section U] contains an application of our formalism and of our previous 
results to random matrices. The two main results are summarized in Theorem UJ 

For all N G N*, we endow M N (C) with the inner product (X,Y) Mn{c) = -^ Tr(X*Y). In [BJ, 
Biane suggests dilating Bt to Bt ® Um n (c) with the aim of studying the action of Bt ® Um n (C) 
on random variables given by the functional calculus for matrices. Let us explain how the space 
C{X, X -1 } allows us to better understand the action of Bt <£> Idj^rc) on variables given by the 
polynomial calculus. Let us identify the space 



/ (Ut N) ) ■ f Borel function from U(N) to Afy(C) such that E 



Mat(C) and the space 



/ (u t 



(N) 



2 

M N (C) 



< +oo 



with L 2 (U t 



(iV)^ 



F G 



y(N) 



F holomorphic function from GLjv(C) to Mjv(C) 

such that E 



F G\ 



(TV) 



< + OO 



2 
Mjv(C)J 

with Ll ol {G { t N) ) tg> Mjv(C). For all t G R + and iV G N*, we still denote by B t the Hilbert space 
isomorphism B t ® Id Mjv(C) from L 2 (U^ N) ) ® M N (C) into L^ ol (G t (JV) ) (g> Mjv(C). 

Unfortunately, the space of random variables {P(UJ: jjpgcp^x- 1 ] is n °t transformed by Bt 
into the space {P{G\ jjpecpr.x- 1 ]- The C{X, X _1 }-calculus offers us larger spaces which are 
stable under Bt- Indeed, the space of random variables {P(U^ jjpecjx^- 1 } is transformed by 
Bt into the space of random variables {P(G t Ojpecjx.x- 1 } ^Proposition I4.5|) . 

The use of the C{X, X _1 }-calculus also allows us to study the limit in large dimension. It is 
already known that the free unitary Brownian motion is the limit in distribution of the Brownian 
motion on U(N) (see [2]), which is the first item of the following theorem. For the two other 
items, see Theorem 14.61 and Theorem 14.71 



Theorem 4. Let t G R+. 

(1) For all n G N, and all Laurent polynomials P$, 



lim E 

TV-s-oo 



tr(P (^ 



rW 



•••tr (p„ la 



r(N) 



,P n G CIX^X' 1 }, we have 
T(P (U t ))---r(P n (U t )). 



(2) For all n G N, and all polynomials P ,...,P n G C(X, X* , X^ 1 , X* 



we have 



lim E 

7V->oo 



tr 



(Po (G 



(N) 



-tr P n G 



i(N) 



(3) For all Laurent polynomial P G C[X, X 



= r(Po(G t )) 
we have 



Bt(p(u t 



(TV) 



Gt{P)(G 



,(N) 



T 2 



(g{ n) \®M n (C) 



r(P n (G t )) 



0(l/iV 2 
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1. Functional calculus extension 

In this section, we define the algebra C{Xj : % G I}. We denote by C (Xi : i G I) the space 
of polynomials in the non commuting indeterminates (Xj)j g /. The algebra C{Xi : i £ 1} is an 
extension of the algebra C {Xi : i £ I). Intuitively, C{Xi : i £ 1} is the free algebra generated 
by I indeterminates (Xj)j g j and an indeterminate center- valued expectation tr. 

We also define a C{JQ : i £ /}-calculus which extends the polynomial calculus, but which 
depends also of the data of a center-valued expectation r. This algebra C{Xi : i £ 1} and its 
functional calculus is the basis of all others sections. 

1.1. The algebra C{Xi : i G I}. The algebra C{JQ : i G 1} will be defined as the solution 
of a universal problem, which allows us to forget about its construction and to focus on its 
properties. 

We present first the universal problem and its immediate consequences before introducing the 
algebra C{Xi : i G 1} as its unique solution. 

1.1.1. Universal problem. Let A be a unital complex algebra. The center of A is the unital 
complex algebra Z4 formed by elements of A which commute with all the algebra A. The 
algebra A is then a Z^-module. A center-valued expectation r is a linear function from A to 
Zj± such that 

(1) for all A,B G A, we have t{t(A)B) = t(A)t(B); 

(2) r(U) = U- 

Let us remark that the restriction for r to be a morphism of .^-modules is not required, since 
it is not needed in this paper. 

Universal problem 1.1. Let I be an arbitrary index set. Let X be an algebra endowed with 
a center-valued expectation tr, and with L elements (Xi) i&1 . The triplet (X,ti,(Xi) i&I ) is a 
solution of the universal problem \l.l\ for index set L if for all algebras A endowed with a center- 
valued expectation r, and with L elements (Ai) i( - I; there exists a unique morphism of algebra f 
from X to A such that 

(1) for all i £ L, we have f(X{) = A4; 

(2) for all X £ X, we have r(/(X)) = /(tr(X)). 

Such a morphism will be called an /-adapted morphism from (X, tr, (Xi) iGl ) to (A, r, (Ai) ieI ), 
or more simply from X to A. If an /-adapted morphism is bijective, we will call it an /-adapted 
isomorphism. 

The nature of the universal problem 11.11 induces some properties on its solutions summed up 
in the following Proposition. 

Proposition 1.2. Let L be an arbitrary index set, and let (A^tr, {Xi) i&1 ) be a solution of the 
universal problem \l.l\ for L. 

(1) The 1 -adapted isomorphim \&x is the unique I -adapted automorphism of algebra on X. 

(2) This solution is unique in the following sense: if (3^,tr, (T^) ie/ ) is another solution of 
the universal problem li.il for I, there exists a unique I -adapted isomorphism from X to 

y. 

(3) There exists a unique morphism of algebra f , which is infective, from C {Yi : i £ L) to X 
such that f(Yi) = Xi for all i £ L. 



Thus, if / is an arbitrary index set, and (X, tr, (Xi) i( -j) a solution of the universal problem 1 1.1 
for /, we will always see C (Xi : i £ L) as a subalgebra of X. 
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Proof. The first assertion is immediate. 

Let (y,tr,(Yi) ieI ) be another solution of the universal problem 11.11 for /. There exists a 
unique /-adapted morphism / from X to y and an /-adapted morphism g from y to X. Then 
g o f is an /-adapted morphism from X to X, and by consequence, g o f = id^- Similarly, 
/ o g = idy, and eventually, / is an /-adapted isomorphism from X to y. 

For the third assertion, we endow C (Yi : i £ I) with the center-valued expectation r such that 
t(M) = 1 for all monomials M G C (Yi : i G /). There exists a unique morphism of algebra / 
from C {Yi : i £ I) to X such that f(Yi) = Xi for all i G /. There exists an /-adapted morphism 
g from X to C (Yi : i G /). Finally, g o / is a automorphism of algebra on C {Yi : i £ I) such that 
g o /(Y^) = Yi for all z G /, and thus it is equal to id C (y.. ie ^. We deduce that / is injective. □ 

1.1.2. Definition. We state now an existence result in the following proposition. 

Proposition-Definition 1.3. Let I be an arbitrary index set. There exists a solution to the 
universal problem li.il for I. This unique solution (up to an I-adapted isomorphism) will be 
denoted by (C{Xj : i G /},tr, (Xi) i&1 ). Furthermore, 

{M tr Mi ■ ■ ■ tr M n : n € N, M , . . . M n are monomials of C (Xi : i G /) } 

is a basis ofC{Xi : i G /}, called the canonical basis. 

Proof. We will present a construction of (C{Xi : i G /},tr, (Xi) ieI ) in the appendix, which sat- 
isfies the characterization of the canonical basis, and a proof of its universal property. □ 

Proposition 1.4. Let J C / be two arbitrary index sets. There exists a unique J-adapted 
morphism, which is injective, from (C{Xj : i G /},tr, (-Xj)iej) ^° (^{-^i '■ i £ /}>tr, (Xj) i6 j). 

If J C / are two arbitrary index sets, we will always see C{Xi : i G /} as a subalgebra of 
C{X l :i€l}. 

Proof. Let (Yi) i£l be elements of C{Xi : i G J} such that Yi = Xi for all i G J (one can set 

Y i = lc{Xi:i£J} for i$J)- 

There exists a unique J-adapted morphism / from C{Xj : i G J} to C{JQ : i G /}. There 
exists an /-adapted morphism g from (C{Xj : i G /},tr, (Aj) ie/ ) to (C{Xi : i G </},tr, (Yi) ieI ). 
Finally, gof is a J-adapted automorphism on C{Xi : i G J}, and thus gof is equal to idcjx^ieJ}- 
We deduce that / is injective. 

□ 

1.1.3. Degrees. Let us define a notion of degree on C{Xj : i G /}. 

Let n G N, and Mo, . . . , M n G C (Xi : i G /) be monomials whose degrees are respectively 
k ,. .. ,k n G N. The degree of M tr (Mi) • • • tr (M n ) is defined to be k + . . . + k n . For all 
P G C{Xi : i G /}, the degree of P is defined to be the maximal degree of the elements of its 
decomposition in the canonical basis. 

For d G N, we denote by Cj{Xi : i G /} the subspace of C{Xj : i G /} whose elements have 
degrees less than J We have C{Xj : i G /} = U^L Cd{Xj : z G /}. If / is finite, each space 
Cfi{Xi : i G /} is a finite-dimensional space. In particular, the space C{Xi : i G /} is the union 
of finite-dimensional spaces: 

C{X t :iel}= |J C d {Xi :i£j}. 

JCl, J finite 
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1.1.4. Another product. Let us define on C{Xi : i G /} a second product which is bilinear and 
associative. 

For all P,Q£ C{Xj : i G /}, the product P-t T Q is defined by P-trQ = Ptr Q. The bilinearity 
is due to the linearity of tr and the associativity is simply due to the fact that for all P, Q and 
R G C (Xj : % G I) , we have 

P -tr (Q -tr R)=P tr(Q tr(P)) = P tr Q tr P = (P tr Q) tr P = (P - tr Q) - tr R. 

Thus, (C{Xi : i G I}, -t r ) is a unital complex algebra. Moreover, this algebra is generated by the 
monomials of C (Xi : i G J). Indeed, for all n G N, Po, . . . , P n G C{Xj : i G /}, we have 

Po tr Pi • • • tr P n = Po - tr Pi "tr • • • 'tr Pi- 

1.2. The C{Xi : i G /}-calculus. Let A be a unital complex algebra, and r be a linear form on 
A such that r (I.4) = 1. Such a space is called a non-commutative probability space. Elements 
of A are called (non-commutative) random variables. 

We define a C{Xi : i G /}-calculus on (A, r) in this way. Let A = (Ai) ieI be a family of non- 
commutative variables of A. The algebra A is endowed with a center-valued expectation r, and 
with / elements (Ai) i( -j. Thus, there exists a unique morphism of algebra / from C{Xj : i £ 1} 
to A such that 

(1) for all i G /, we have f(Xi) = Ai\ 

(2) for all X g C{Xi : i G /}, we have r(/(X)) = /(tr(X)). 

For P G C{Xj : i G /}, we say that /(P) is the element of A obtained by substitution of the 
indeterminates (Xi) ieI for (Ai) iGl and the substitution of tr for r in P, and we denote this 
element by P(A{ : i £ I) = /(P). Thus, the map P *— > P(A{ : i G I) is the unique morphism of 
algebra from (C{Xj : i G J}, ■) to A such that 

(1) for all j G /, we have Xj(Ai : i e I) = Aj\ 

(2) for all P G C{Xi : i G /}, we have r{P{Ai : i G I)) = trP^ : i G I). 

1.2.1. T/ie algebra C{Xi,X* : i G /}. From an arbitrary index set /, we construct the index set 
I = I U (I x {*}). For all i G /, the element Xu„\ G C{X; : i G /} will be denoted by X*, and 
the algebra C{Xj : i G /} will be denoted C{Xj,X* : i G /}. We define a *-algebra structure on 
C{Xi, X* : i £ 1} with the involution * given naturally by taking for all i £ I, (Xi)* = X* , and 
for all P G C{X t , X* : i G /}, (tr P)* = tr(P*). 

Let A be a unital complex *-algebra, and r be a linear form on A such that r (I.4) = 1. Let 
us define a C{Xi,X* : i G /}-calculus on (A, r) in this way. Let (^4i) i6/ G A 1 . For all i G /, set 
Afa) = A*. For P G C{Xj,X* : i G /}, let us denote P{Ai : i £ I) by P(^ : i G I). Thus, the 
map P h-> P(Aj : i G I) is a morphism of *-algebra from (C{Xj,X* : i G /}, •) to A. 

1.2.2. The algebra C{Xi,X*,Xj~ ,X*~ : i £ I}. Similarly, from an arbitrary index set /, we 
construct the index set / = / U (/ x {*}) U (/ x {—1}) U (I X {—*}). For all i £ I, the element 
-X~(i,*) G C{X{ : i £ 1} will be denoted by X*, the element Xk y £ C{Xi : i £ 1} will be 
denoted by X^ , and the element Xu_*\ £ C{Xi : i £ 1} will be denoted by X*~ . Finally, the 
algebra C{Xi : i £ 1} will be denoted by C{X t , X? , Xf 1 , X?' 1 : i £ I}. We define a *-algebra 
structure on C{X^, X*,X^~ ,X*~ : i £ 1} with the involution * given naturally by taking for 
all i £ I, (Xi)* = X* and (Xr 1 )* = X*' 1 , and for all P G C{X h X? , X~ l , X%~ x : % G I}, 
(trP)* =tr(P*). 

Let A be a unital complex *-algebra, and r be a linear form on A such that r (I.4) = 1. Let 
P G C{Xi, X* , X^ 1 , X*~ l : i £ I}, and (A)t e j G »4 7 be a family of invertible variables. For 
all i £ I, set A (i ^ = A*, ^4(i-i) = A^ 1 and A^_^ = A*' 1 . For P G C{X { ,X* : i £ I}, let 
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us denote P(Ai : % E I) by P(Ai : i E /). Thus, the map P i— > P(-Aj : i E I) is a morphism of 
*-algebra from C{X i; Xf, Xf 1 ,^ -1 : * € J} to A 

1.2.3. Factorization. There exists a useful factorization of the C{JQ : i E /}-calculus by the 
C (Xi : i E J)-calculus. Let us explain how it works. 

Let A = (Ai) i£l be a family of non-commutative variables of A. 
The map 

HA : C (Xi : i E I) -)• C 

P (->• r(P(A)) 

will be called the distribution of A. The algebra C (Xi : i E I) is then endowed with a center- 
valued expectation /ia, and with / elements (Xi) i£l . Thus, there exists a unique morphism of 
algebra / from C{Xj : % E 1} to C (Xi : i E I) such that 

(1) for all i E /, we have f(Xi) = X^ 

(2) for all X E CjX; : i E I}, we have /i A (/(X)) = /(tr(X)). 

For P E C{Xj : i E J}, we say that /(P) is the element of C (Xi : i E I) obtained by substitution 
of tr for /iA in P, and we denote this element by P|a- 

However, we can use now polynomial calculus, by substitution of the indeterminates (Xi) ieI 
for (Ai) ieI in P| A . Because the morphism from C{Xi : i E 1} to A given by P i— > P\ A (A) 
is an /-adapted morphism, we have that P| A (A) = P(A) using the universal property of 
C{Xi :»€/}. 

2. Computation of some conditional expectations 

In this section, we show the existence of operators on C{Xi : i E 1} which play the role of 
transition kernels in the context of free convolution. The first result, Theorem I2.8|, deals with 
additive free convolution whereas the second one, Theorem 12. 1U[ deals with multiplicative free 
convolution. Despite the analogy of the two theorems, the proofs are completely different. 

2.1. Generalities. 

2.1.1. W* -probability spaces. Let (A, r) be a non-commutative probability space such that A is 
a von Neumann algebra, and r is a faithful normal tracial state. It means that r is a linear form 
such that t(1j\) = 1, and 

(1) for all A E A, if < A, then < r(A) (positivity), 

(2) for all A,B £A, t(AB) = t(BA) (traciality) , 

(3) r is continue for the ultraweak topology (normality), 

(4) for all A E A, if t(A* A) = 0, then A = (faithfulness). 

We call (A,t) a W* -probability space. For all A = (Ai) ieI E A 1 , we denote by W*(A) the von 
Neumann subalgebras of A generated by (Aj)j g /. 

2.1.2. Freeness. Let / be a set of indices. For all i E I, let Bi be a von Neumann subalgebra of 
A. They are called free if for all n E N, and all indices i\ ^ %2 ^ ■ ■ ■ 7^ im whenever Aj E Bi- 
and r(Aj) = for all 1 < j < n, we have t(A\ • ■ ■ A n ) = 0. 

For all (Ai)i£i E A, we say that the elements Ai are free for i E I if the algebras W*(Ai) are 
free for i E I. For example, the operators 1,4 and 0,4 are free with all A E A. 
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2.1.3. Conditional expectation. If B C A is a von Neumann subalgebra, there exists a unique 
conditional expectation from A to B with respect to r, which we denote by r (.\B). This map is 
a weakly continuous, completely positive, identity preserving, contraction and it is characterized 
by the property that, for any A £ A and B £ B, t(AB) = t(t(A\B)B) (see e.g. [23J and pQ). 
For all index set /, and A = (Aj)j S j G A £ A, we denote by r (-| A) the conditional expectation 
r(.|W*(A)). 

2.2. Free cumulants. This section contains a succinct presentation of the theory of the free 
cumulants due to Speicher (see e.g. [20], [ZI] and |22j). 

2.2.1. Non-crossing partitions. Let 5 be a totally ordered set. A partition of the set S is said 
to have a crossing if there exist i,j,k,l £ S, with i < j < k < I, such that i and k belong to 
some class of the partition and j and I belong to another class. If a partition has no crossing, 
it is called non-crossing. The set of all non-crossing partitions of S is denoted by NC(S). It 
is a lattice with respect to the fineness relation defined as follows: for all tt\ and tti £ NC(S), 
7i"i H 7T2 if every class of tt\ is contained in a class of TT2- 

Let n £ N. When S = {1, . . . ,n}, with its natural order, we will use the notation NC{n). 
This set has been first considered by Kreweras in [13]. We denote by n and l n respectively the 
minimal element {{1}, . . . , {n}} of NC(n), and the maximal element {{1, . . . , n}} of NC(n). 

2.2.2. Free cumulants. For all n £ N, S C {1, . . . , n}, tt £ NC(S), and A±, . . . , A n £ A, set 

r[n](A 1 ,...,A n )= \{r{A v ) 

VG7T 

where Ay = Aj x ■ ■ ■ Aj k if V = {ji, ...,ifc} is a class of the partition n, with Ji < J2 < • • • < jk- 
This way, r [tt] is a n-linear form on A. 

We denote by // the Mobius function of the poset (NC(n), ^), which is defined on 

{(a, tt) : a * vr} C iVC(n) x NC{n). 

For all n £ N, and Ai, . . . , A n £ A, the free cumulant k (A±, . . . , A n ) is defined by 

k(A 1 ,...,A n )= Yl /u(vr,vr)r[7r](Ai,...,A n ). 

vrGAfC(n) 

If A\ = ■ ■ ■ = A n = A, we call k (A\, . . . , A n ) the free cumulant of order n of A, and we denote 
it by k n (A). For all n G N, S C {1, . . . ,n}, 7r € NC(S), and Ai, . . . , A n G A, set 

k[ir](A l ,...,A n )= l[k(A v ) 

V&-K 

where Ay = (Aj lt . . . ,Aj k ) if V = {ji, ...,jfc} is a class of the partition tt, with ji < J2 < ■ ■ ■ < jk- 
Similarly to r, fc [71"] is a n-linear form on A. If A\ = • ■ ■ = A n = A, we denote k [tt] (Ai, . . . , A n ) 
hyk[Tr](A). 

For all n £ N, S C {l,...,n}, tt £ NC(S), and Ai,...,A n G A, we have the following 
relations 

(1) T[Tr](A 1 ,...,A n ) = ]T k[a](A 1 ,...,A n ), 

aeNC(S) 

(2) k[Tr]{A 1 ,...,A n ) = Y, v(o-,K)T[a](A 1 ,...,A n ). 

a£NC(S) 

The interest of the free cumulants is in a large part due to the following characterization of 
freeness. 
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Proposition 2.1. Let (Bi) i£l be subalgebras of A. They are free if and only if for all n G N*, 
all i±, . . . ,i n G I and all Ax, ... , A n G A such that Aj belongs to some Bi . for all 1 < j < n, 
whenever there exists some j and j' with ij ^ iy , we have k(A\, . . . , A n ) = 0. 

By linearity, this property has the following consequence for the computation of cumulants. 

Corollary 2.2. For all A\, . . . , A n G A free with B\, . . . , B n G A, we have 

k{Ax +B 1 ,...,A n + B n ) = k(A lt ...,A n ) + fc(J3i, . . . , B n ). 

2.2.3. Semi- circular variables. Let t G M+. A non-commutative random variable St is called 
semi-circular of variance t if St is self-adjoint and the free cumulants of St are ki(St) = 0, 
^(S*) = t and k n (St) = for all 2 < n. 

The distribution of St is given by ([T]): for all n G N*, we have t(S™) = X^evcOi) M 71 "]^*)- 
The terms in the sum which are nonzero correspond to the non-crossing partitions composed by 
pairs of elements. For all n G N*, we denote by NC2{n) the subset of NC(n) of non-crossing 
partitions composed by pairs of elements. The cardinal of iVC2(2ra) is called the n-th Catalan 
number, and is denoted by C n . Thus, for all n G N*, we have r(5 t 2n ) = 27reJVC 2 (2n) t n = t n C n , 
and T{S 2 t n ~ l ) = 0. 

2.3. Free log-cumulants. If we consider A and B G A which are free, we would know how 
to compute the distribution of AB using the distribution of A and of B, in the same spirit as 
Corollary 12.21 One answer is the use of the S'-transform (see Section 3.6 in |24j ) . 

Since we have to deal with more than two variables, it is necessary for our computations to 
introduce the free log-cumulants. There are some quantities introduced by Mastnak and Nica 
in [TS], which have a nice behavior with the product of free elements of A. We will give now a 
presentation of such quantities, different from [TS], but the link is totally made in Section [2.61 
The name "log-cumulants", not present in [TS], comes from analogous objects with that name in 
the context of classical multiplicative convolution [TB] . 

2.3.1. The Kreweras complementation. Let n G N*. We endow the set {1, 1' , . . . , n, n'} with the 
cylic order (1,1', ... ,n,n'). Let -k = {V\,...,V{\ G NC[n). For all 1 < i < I, we denote by 
V- C {1', . . . , n'} the image of Vi via the isomorphism (1, . . . , n) ~ (1', . . . , n'). We denote by 7f 
the non-crossing partition tt = {V\ U V[, . . . , V n U V^} of {1, l', . . . , n, n'}. 

For all 7Ti, 7T2 G NC(n), we form a not necessarily non-crossing partition 7riU7T2 of {1, l', . . . , n, n'} 
by identifying tt2 as a partition of {1', . . . , n'}, and merging 7Ti and TT2- 

Now, let two partitions a -< tt G NC(n). The partition K n (o~) is by definition the largest 
elements of NC(n) such that a U K- K {a) is a non-crossing partition of {1,1' , ... ,n,n'} and 
a U K- K (a) -< tt. The map K n is a bijection from {a G NC(n) : a -< tt} onto itself called the 
Kreweras complementation with respect to tt. 

2.3.2. Chains of non-crossing partitions. Let n G N. A multi-chain in the lattice NC(n) is a 
tuple of the form V = (ttq, . . . , tti) with no, . . . , tx\ G NC(n) such that n , = ttq ■< tt\ ■< ■ ■ ■ ■< ix\ 
(notice that we do not impose tx\ = l n , unlike in [E]). The positive integer I appearing is called 
the length of the chain, and is denoted by |T|. 

If ttq ^ 7i"i 7^ • • • 7^ tti, we say that T is a chain in NC(n). If for all 1 < i < I, K^tti-i) has 
exactly one class which has more than two elements, we say that T is a simple chain in NC(n). 
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2.3.3. Free log-cumulants. For all n G N, 2 < n, and A\, . . . ,A n G „4 such that t(j4i) = . . . = 
r(A n ) = 1, set 

_ f_l)i+|r| l£l 
Lk(A u ...,A n ) = Y, ~^i \{k[K^i-i)](Ai,...,A n ). 

r chain in NC{n) ' ' i=l 

r=(7ro,...,7r|r|) 



<T| 



= 1, 



For all n G N, 2 < n, and A\, . . . , A n G A such that t(A\), . . . , r(A n ) are non-zero, set 

Lk(A 1 ,...,A n )=L k (^- y ...,^- 

If yli = • • • = ^4 n = .A, we call LA; (Ai, . . . , A n ) the free log-cumulant of order n of A, and we 
denote it by Lk n (A). 

Remark 2.3. In the unidimensional case, the free log-cumulants can be recovered from the 
S -transform. Indeed, let A £ A be such that t(A) = 1. Let us consider the R-transform of 
A, i.e. the formal series Ra(z) = J2 < n=i^n(A)z n . Let Sa be the S-transform of A: it is the 
formal series Sa such that zSa(z) is the inverse under composition of Ra{z). We remark that 
k\{A) = t(A) = 1, and by consequence, we have Sa (0) = 1/^1(^4) = 1. Thus we can define the 
formal logarithm of Sa as the formal series log Sa(z) = —J2^=i ^(1 — Sa(z)) 11 - Corollary 6.12 
of [IB] establishes than — zlogSA(z) = Y^=2 Lk n {A)z n . 

Let us define also Lk(A) = Lk±(A) by Log(r(A)), using the principal value Log, the complex 
logarithm whose imaginary part lies in the interval (— tt,tt]. 

The two following propositions are results analogous to Proposition 12.11 and Corollary 12.21 
They are reformulations of Proposition 5.4 and Corollary 1.5 of [16] . We will give the complete 
proofs of those two propositions from Proposition 5.4 and Corollary 1.5 of [TB] at the end of 
Section 12.6.31 

Proposition 2.4. Let (Bi) ieI be subalgebras of A. They are free if and only if for all n G N*, 
all i±, . . . ,i n G I and all A±, . . . , A n G A such that t(A\) = . . . = t{A ti ) = 1 and such that Aj 
belongs to some £>j. for all 1 < j < n, whenever there exists some j and f with ij ^ iji, we have 
Lk(A 1 ,...,A n ) = 0. 

Proposition 2.5. Let A and B G A be free. 

We have Lki(AB) = Lki(A) + Lki(B) (mod 2i7r), and for all 2 < n: 

Lk n {AB) = Lk n (A) + Lk n (B). 

2.3.4. Cumulants from log-cumulants. Let n G N, 2 < n, and A\, . . . ,A n G A be such that 
t{A\), . . . , r(A n ) are non-zero. Let n G NC{n) be such that tt has exactly one class which has 
at least two elements. Let {i±, ...,ik} be this class of tt, with i\ < i% < . . . < i^. Let us denote 

by Lk [tt] (Ai, . . . , A n ) the free log-cumulant Lk{A^, . . . ,Ai k ). 

Proposition 2.6. Let u £ N*, and A±, . . . , A n G A be such that t(A\), . . . , r{A n ) are non-zero. 
For all tt G NC(n), we have 

1 |r| r 

(3) k[Tr](A 1 ,...,A n )=e Lk ^---e Lk ^ £ — J] Lk[K^i-i)} (M, ■ ■ ■ , K) ■ 

r simple chain in NC{n) i=l 

r=(7ro,...,7T| r |) 

7T| r |=7T 
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Proof. The degenerate case where n = 1 is verified because in this case, tt = {{1}}, 



k[n}{A 1 )=T(A 1 ) = e Lk ^ and 



1 



E —HLkK^^) (A 



r simple chain in NC(1) 

r = (7r ,...,7T|p|) 
7T|p|=7r 



iri! 



8=1 



1. 



Let us suppose that 2 < n. Since k[n] (A\ , . . . , A T 



,Lk{Ai) .. . p Lk(A 



e Lk ^k[-K](A 1 /r(A 1 ),...,A n /r(A n )), 



and the free log-cumulants of (A\, . . . , A n ) involved are equal to those of (A\/t(A\), . . . , A n /r(A n )), 
we can assume that t(A\) = . . . = T{A n ) = 1, or equivalently that k(A±) = . . . = k(A n ) = 1. 
We end the proof using Proposition 12.141 □ 



From ([T]) and ([3]), we deduce the following corollary. 

Corollary 2.7. Let n £ N, n > 2, and Ai, . . . , A n £ A be such that t(A\), . . . , r(y4 n ) are non 
zero. We have 



(4) r(i4i---i4 n ) = e 



Lfc ( A i)... P Lfc (^") 



1 



111 



r simple chain in NC(n) ' ' i=l 
r=(7ro,...,ir|r|) 



^jri(7Ti-l> 



(A ls ...,A.) 



2.3.5. Free unitary Brownian motion. Let t £ R+. A non-commutative random variable Ut is 
called free unitary Brownian motion at time t if Ut is unitary and the free log-cumulants of Ut 
are Lk\(U t ) = -t/2, Lk 2 (U t ) = -t and Lk n (U t ) = for all n > 2. The distribution of U t is 
given by ©: for all n £ N*, we have 



r(Un = e~- 



1 



1 11 



E Wull LkK ^i+i) (U t ). 



r simple chain in NC(n) 

r = (7ro,...,7T| r |) 



iri! 



i=l 



A simple chain T = (ttq, . . . , 7T|r|) i n NC(n) is called a increasing path if for all 1 < i < I, the 
class of K^tti-^x) which have more than two elements have exactly two elements. Proposition 
6.6 of [J3] tells us that for all k > 0, the number of increasing paths of length k in NC(n) is 
exactly ( k r ! 1 )n k ~ l if k < n — 1 and if k > n. Thus, 



ra-l 

r(Un=e-fJ2 
fc=0 



/ 



E 



r increasing path in NC(n) 
\T\=k 



k\ 



\ 



n-l 



e 2 



nt r— v ^ — t) 



k=0 



k\ \k + l 



71 n*- 1 . 



2.4. Transition operators. 



2.4.1. Additive transition operator. Let / be an arbitrary index set. Let A = (Aj)j g / £ A . Let 
us define a derivation Aa associated to A on (C{Xj : i £ I}, - tr ) in the following way. For all 
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n G N and i(l), • • • , i(n) G I, we set 

A A ( X i(l) • • • X i{n)J = / y k (Aifa), . . . , Ai( km )j Xj(!) • • • X i ( kl _ 1 ) 



l<ki<...<k m <n 



tr PQ(fci+l) " " ' X i{k 2 -l) 

tr ^i( fe2 +i) • ••X i ( fe3 _ 1 )^ 
tr (^Q(fc m _i+i) • • • X i(k m -i)J 

X i(k m +1) ■ ■ ■ X i{n) 

and we extend Aa to all C{Xi : i G /} by linearity and by the relation of derivation 

VP, Q G C{X, : t G /}, A A (PtrQ) = (A A P) trQ + Ptr (A A Q) . 

The operator A A makes the degree strictly decrease. Thus, the operator e A on C{X{ : i G /} 
is defined by the formal series Y^kLo H^A- For all P G Cd{Xi : i G /}, e AA P is the finite sum 
J2k=o fcl^A-f- The operator A A is a derivation, and we have the Leibniz formula 

VA: G N, VP, Q G C{X t : i G I}, (A A ) fc (PtrQ) = £ Pj (a a p) tr (A^Q 

from which we deduce that the operator e A is multiplicative in the following sense: 
VP,Q G C{Xi : i G /}, e AA (PtrQ) = (e AA P) tr (e AA Q) . 

Theorem 2.8. Let I be an arbitrary index set. Let A = (A^i^j G A ■ For all P G C{Xj : i G 
/}, and a// B = (Pj).j g / G «4 J /ree with {Ai)i^j, we have 

r(P(A + B)|B) = e AA P(B). 

Ln particular, for all P G C{Xi : i G /}, we have 

r(P(A))=e AA P(0). 



The demonstration of Theorem 12.81 is the object of Section 12.51 

Let A = {Ai)i(zi and B = (P.;)j g / be two families of elements of A which are free. For all 
P G C{Xi : i G /}, we have from Theorem 12.81 

r (P (A + B)) = e AB e AA P (0) = e AB e AA P (0) = e AA+B P (0) . 

This fact reflects a deeper relation beetwen A A and Ab, which is summed up in the following 
Proposition 12.91 



Proposition 2.9. Let A = (Ai) ieI and B = (Pj) ie j £ A be two families of elements of A which 
are free. Then A A and Ab commute. Moreover, if A and~B are free, we have A a+ b = A a +Ab- 

Proof. We recall that from Section 11.1.41 the monomials of C {Xi : i £ L) generate the algebra 
(€{**:» €/},-tr). 

The operators A A and Ab commute because A a AbM = AbA a M for all monomials of 
C(Xi : i G L), and the commutativity is extended by recurence on all C{Xi : i G /} because 
they are both derivations. Indeed, for all P, Q G C{Xi : i G I}, 

A A A B (P tr Q) = (A A A B P) tr (Q) + P tr (A A A B Q) + (A A P) tr (A B Q) + (A B P) tr (A A Q) . 
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If A and B are free, we have from Corollary 12.21 that Aa+b^ = (Aa + Ab)M for all 
monomials M of C(X{ : i £ I), and since Aa+b an d Aa + Ab are both derivations, they are 
equal on C{X{ : i £ I}. □ 

2.4.2. Example. Let t G R+. Let St be a random variable semi-circular of variance t. For all B £ 
.4 free with S" t , let us compute r{{S t + B) 4 \B). We have A St X A = 3tX 2 + 2tX tr(X) + ttr(X 2 ), 
{A St ) 2 X 4 = A St (3tX 2 + 2tX tr(X) + ttr(X 2 )) = 3t 2 + + t 2 = At 2 and {A St fX 4 = A St 4£ 2 = 0. 
Thus, 

1 

L 

2 

= X 4 + 3tX 2 + 2tX tr (X) + i tr (x 2 ) + 4t 2 

Using Theorem 12. 1(J|, we have for all B £ A free with St, 

r ((St + P) 4 |P) = B 4 + 3tB 2 + 2tr(B)B + tr(B 2 ) + 4t 2 . 



«t (X 4 ) X 4 + A St X 4 + ^A 2 St X 4 + 



2.4.3. Multiplicative transition operator. Let A = (Aj)j g / G „4 . Let us define a derivation Da 
associated to A on (C{Xj : i £ /}, -tr) in the following way. For all n £ N and i(l), . . . , i(n) G /, 
we set 



Da (^i(i) ••• x i{n)) — z2 L k[A(k 1 ),---iA{k m )) x i(i)--- x i 



L j(fei-i) 



l<m 
l<fci<...<fc m <n 



tr PQ(fci) " " ■-Xi(fc 3 -1) 



tr (^i(fc m -i)---^(fe m -l) 



and we extend Da to all C{Xi : i £ 1} by linearity and by the relation of derivation 

VP, Q G C{Xi : i G /}, D A (P tr Q) = (D A P) tr Q + P tr (D A Q) . 

For all finite index set J C I and d G N, the finite-dimensional space Cd{Xi : i G J} is invariant 
for the operator Da- Thus, we can define e° A on each of those spaces. The operator e° A 
on C{Xi : i G 1} is defined by the series ££L ^ D A • For all P G C d {Xj : i G J}, e DA P is 
the convergent sum X)fc^=o M ^a P- The operator Da is a derivation, and we have the Leibniz 
formula 

VA: G N,VP,Q G C{Xi : i G /}, (D A ) fc (PtrQ) = ]T f* J (d a p) tr (d£~' q) , 

from which we deduce that the operator e° A is multiplicative in the following sense: 

VP, Q G C{Xi :ie I}, e DA (Ptr Q) = (e° A p) tr (e° A Q) . 

For all A = (Ai) i&1 G A 1 and B = (Pj)«e/ G .A 7 , let us denote by AB the family (AiBi) ieI G A 1 . 

Theorem 2.10. Let I be an arbitrary index set. Let A = (.Aj)j g j G A be such that t(Aj) 7^ 
for all i G I. For all P G C{Xj : i G J}, and a£l B = (Pj)j S j G .A 7 free with (Aj)jg/ and suc/i 
i/iai r(Pj) 7^ /or all i £ I, we have 

r(P (AB)|B) =e DA P(B). 
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In particular, for all P £ C{Xi : i £ I}, we have 

r(P(A)) = e DA P(l). 

The demonstration of Theorem 12. 101 is the object of Section [2. 71 

Let A = (Ai)i^i £ A. Let us denote by r(A) the family (T(Ai))i^j and by A/r(A) the family 
(Ai/T(Ai)) i£l . For all P £ C{X { : i £ I}, we have from Theorem fTM 

t (P (A)) = e° A P (1) =t{P (t(A)A/t(A))) = e DA M A >e D -( A >P(l). 

In fact, the last expression e A / T ( A )e T < A > is easier to calculate because in practice D^/ t (a) is 
locally nilpotent, i.e. it is nilpotent on any finite dimensional space, and D T ( A \ simply multiplies 
each element of the canonical basis of P £ C{Xi : i G /} by a factor which depends of its degree 
(see the example in the next section). Let us formalize the equality e A = e A / r ( A )e T(A > in the 
following proposition. 

Proposition 2.11. Let A = (Ai) i&1 and~B = (Bi) i£l £ A 1 be such thatr(Ai) / andr(Bi) / 
for all i £ I. The operators D r ( A ), D r (B) an d Da/t(A) commute, D A = D T ( A ) +Da/ t (a)> an d 

gE>A = g D A/T(A)gD T (A) _ 

Proof. We recall that from Section fl. 1.41 the monomials of C{Xi : i £ I) generate the algebra 

(C{X» :*€/}, -tr). 

The operators D T ( A ) , and D A / T ( A \ commute because D r ( A ) D A / r ( A ) P = D A / T (A) D T (A) P f° r 
all monomials of P G C{X{ : i G I), and we extend the commutativity on all C{Xi : i £ 1} by 
induction because D T ( A ) , and D A/ < r ( A ) are derivations. 

Similarly, we verify the commutativity of D r / A ), E) T ( B \ and D A / T ( A ) on monomials of P G 
C{Xi : i £ I), and we extend it on all C{Xi : i £ 1} by induction. 

The free log-cumulants of t(A) are zero except Lk(T(Ai)) = Lk(Ai) for all i £ I and the 
free log-cumulants of t(A) are those of A, except Lk(Ai/T(Ai)) = for all i £ I. Finally, 
the operator D A and D T ( A ) + D A / T (A) are two derivation which coincide on monomials, so 
D A = D T ( A ) + D A / r (A) ? an d e ° A = e A/r(A) e r < A > is a direct consequence of the two first 
assertions. □ 



2.4.4. Example. Let t £ R + . Let Ut be a free unitary Brownian motion at time t. Let us 
compute 

D r((7t) X = —%tX , 

D Ut/r{Ut) X 4 = -3tX 3 trX -2tX 2 tr(X 2 )-tXtr(X 3 ), 

(p Ut /T{U t )) 2 X 4 = - B Ut/T{Ut) (stX 3 trX + 2tX 2 tr(X 2 ) + tX tr(X 3 ) 

= 8t 2 X 2 trXtrX + 8t 2 Xti(X 2 )trX 1 

(p Ut/T{Ut) ) 3 X 4 = B Ut/T{Ut) (8t 2 X 2 tr X tr X + 8t 2 X tv(X 2 ) tr X 

= -16t 3 XtrXtrXtrX, 

(p Ut/T{Ut) ) 4 X A = D c/t/T(c/t) (-16XtrXtrXtrX) = 0. 
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Thus, 

e Bu tX 4 = e Du t/ T ( u t)e DT< - u ^X 4 

= e D u t / T (u t ) f e - 2t x 4 ) 



- 2t (l + Vtumua X 4 + l (ViumttsS'x* + I (T> mMTh ,) 3 X 4 + 



'Ut/r(U t ) A t- - \^UtMUt)J A I" g ^t/ t /r(t/ t ) 



(x 4 - 3tX 3 tr X - 2£X 2 tr(X 2 ) - tX tr(X 3 

+4t 2 X 2 tr X tr X + 4i 2 X tr(X 2 ) tr X - -i 3 X tr X tr X tr X J 

Using Theorem 12.101 we have for all B € A free with Ut, 

t ((U t B) 4 \B) = e~ 2t (b 4 - 3tB 3 r(B) - 2tB 2 r (b 2 ) - tBr (b 3 



+4t 2 B 2 T(B) 2 + At 2 Br{B 2 )T{B) - -t 3 Br(B) 3 

Let us derive a more general fact which will be useful in the proof of Theorem 13 .71 For all n G N, 
set W n = span{QtrR : Q G C n _i[X], R G C{X}} C C{X}. For all n G N*, we have 

e Bu tX n = e Du t/ T( - u ^e DT( - u ^X n 

= (Pu t /T{u t ) ( e ~ nt / 2 X n ) 

= e~ nt/2 X n + P 
with P G W n -\. Indeed, ~Djj t / T (jj t } maps the space W n into the space W n -i, so the unique term 
which is not in VF„_i in the sum e~ nt l 2 J2T=o B ( D ttyr(c/t))* X n is e" nt / 2 X n . 

2.5. Proof of Theorem 12.81 One could prove Theorem 12.81 directly but it would be very 
combinatorial and we prefer to present here a more dynamical proof where the combinatorics 
only appear infinitesimally We shall prove first a dynamical lemma and a weaker version of 
Theorem 12.81 before proving the theorem in all generality. 

Let us prove first Lemma 12.121 which will be useful in the rest of the paper. 

Lemma 2.12. Let J be a finite index set and d G N. Let (4>t)t<=m+ an d L be linear operators of 
Cd{Xi : i G J}. Let us assume that for all P G C^{Xj : i G J}, t i— > <f>t(P) is derivable on M + ; 
and for all t G M + , 

-±MP) = Mlp). 

Lf there exists A = [A^^j G A 1 such that (j>o(P) = P(A), then for all t G M + and all 
P G Cd{Xi : i G J}, we have 

4> t (P) = e tL P(A). 

Proof Let us fix a finite basis {P b : b G B} of C d {Xi : i G J}. For all P G C d {Xi : i G J}, let us 
denote by (ai,(P))beB the coefficients of P in the basis {P& : 6 G B}. We claim that the functions 
(t i—)- 4>t{Pb))beB and (t i-> e' L -P(,(A))fc e £ are both the unique solution to the multidimensional 
differential equation 

ifc(O) = A (A), 

^ = $> c (Ln)-y c ,V&€5. 
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Indeed, let b £ B. We have 

-^e tL P b (A) = e tL LP b (A) = ]T a c (LP b ) • e tL P c (A) 

ceB 



and 

dt 



^r-MPb) = MLPb) = E <*c ( LP b) • MPc)- 



ceB 



Furthermore, e 0L P b (A) = O (A) = A (A). Hence, we have 4> t (P b ) = e tL P b (A) for all b £ B. 
We extend the relation <f> t (P) = e tL P(A) from P £ {P b : b £ B} to all C d {Xi : i £ J} by 
linearity. □ 

The following lemma is a weak version of Theorem 12.81 

Lemma 2.13. Let I be an arbitrary index set. Let A = (Ai)i & j £ A . For all P £ C{Xi : i £ L}, 
we have 

r(P(A)) = e AA P(0). 
Proof. Let t £ M + . For all n £ N and i(l), . . . , i{n) £ L, we set (with the convention 0° = 1) 

(j)t(X i{x yX i{n) ) = J2 t^k[TT](A i{1) ,...,A i{n) ) 

■K&NC{n) 

and we extend <f>t to all (C{Xi : i £ L}, - tr ) by linearity and by the multiplicative relation 

vp,q £ c{x t :i€i},<k(PtoQ) = MPMMQ))- 

We remark that using ([T]), we find r(M(A)) = 4>i(M) for all monomials M of C(Xj : i £ L). 
Moreover, the map P h-> t(P(A)) satisfies the same multiplicative relation as (j>\. Indeed, we 
have 

VP,Q£C{X t :i£L}, r(PtrQ(A)) = t(p (A) )t(t(q (A) )) . 

It follows that 4>i(P) = t (P (A)) for all P £ C{X{ : i £ L}. Thus it remains to prove that for 
all C{Xi : i £ /}, we have </>i(P) = e A P (0). In order to use Lemma 12.121 in the third step, we 
will prove that for all P £ C{Xi : i £ L} , <fi (P) = P(0) in the first step, and that for all teK + 
and all P £ C{Xi : i £ L}, we have -^4>t(P) = <MAaP) i n the second step. 

Step 1. For all P £ C{Xj : i G /}, <£ (P) = P(0). Indeed, ^ (1) = 1 = 1(0) and M M ) = 
= M(0) for all monomials M of C{Xi : i £ L) with non-zero degrees. We infer the equality 
4>o{P) = P(0) to all C{Xi : i £ L}, since the evaluation satisfies the same multiplicative relation 
as 4>q. Indeed, we have 

VP, Q £ C{Xi :i£L}, Ptr Q (0) = P (0) r (Q (0)) . 

S'tep 2. We prove now that for all t £ R + and all P £ C{Xi : i £ L}, we have -^<^t(P) = 
<MA A P). 
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Let t E M+ and M be a monomial of C(Xj : i E I). Let us fix n £ N and i(l), ■ ■ ■ , i(n) E J 
such that M = -Xj(i) ■ ■ ■ ^Q(n) • We have 

—6 t (x i{1 yX i{n) ) = J2 t |7r| ^M(A i(1) ,...,A i(n) ) 

n£NC{n) 

£ HtW-^H^!),...,^) 

7r£AfC*(n) 
7reiVC(n) VStt 

= E E ^'-^(a^,...,^)). 

VGtt TrSiVC(n) 
KStt 

Let us fix V = {fci, . . . , k m } a subset of {1, ... , n} such that 1 < k\ < . . . < k m < n. Let us 
denote W\ = {h + 1, . . . , k 2 - 1}, W 2 = {k 2 + 1, . . . , k 3 - 1}, . . . , W m _i = {k m -i + 1, . . . , k m - 1} 
and W m = {1, . . . , k\ — 1, k m + 1, . . . , k n }. To each configuration it E NC(n) such that V E 7r, 
we associate for all 1 < i < m the partition 7Tj E A^C(Wj) induced by 7r on W^. Conversely, to 
each configuration -k\ E NC(Wi), ■ ■ ■ ,ir m E NC(W m ), we associate the non-crossing partition 
7r = {y} U 7Ti U ■ ■ ■ U 7r m E NC(n). This bijective correspondance 

{vrEiVC(n) : F E tt} <-► {(tti, . . . ,7T m ) E iVC(Wi) x ••• x NC{W m )} 

allows to sum separately each non-crossing partition on each subsets W\ , . . . , W m . 

We have to examine now how the terms of the sum are transformed. Let us fix tt E NC{n) 
such that V £ tt. Let us define (wi, ■ ■ ■ , vr m ) E NC(W\) x • • • x NC(W m ) as before. We have 

^M-l _ ^{^UtTiU-UTTtoI-I _ ^TTll _ _ _ t |ir m | 

and 

feH(^i(i)> ■ • • > Aj(n)) = /c(Aj (fcl) , . . . ,^i( fcm )) • fe[7ri](Aj(i), . . . , Aj (n) ) • • • /e[7r m ](Aj(i), . . . , A^)). 
We infer 



E tW-^H^d),...,^,)) 

n) 



TrSiVC(n) 

VStt 



E t W feH(^(l),---,^(n)) ••• E t^k[7T](A l{1) ,...,A l{n) ) 

K neNC(Wl) J \7T m &NC{Wm) 

k(Ai( kl ),...,A i{km) ) 

■<h [Xi( kl +1) ■ ■ ■ ^i(fca-l)) 

•^f (^(fcm-l+l) ' ' ' ^(fcm-l)J 

•4>t (^Q(l) ' ' ' ^i(fc 1 -l)^i(fc m +l) • • • -^(n) 
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Finally, we use the definition of Aa and the multiplicative relation of 4>t to infer 
d 



dt 



X,-m ■ ■ ■ X, 



t lAj(l) 



«)) 



E E ^-^w^d),--.,^)) 

l<m TreATC(n) 

l<fci<...<fc m <n {kx,...,km}eir 



E 



feU 



h^i)' 



.4 



1>\fcm ) 



l<fci<...<fc m <n 



T [4>t (X(fci+1) • • • X i(k 2 -l))) 



(x 



T(</>i (X(fc 2 + 1) 



X 



i(fes-i) 



</>t (^t(l) • • • X(fc 1 -l)^(fe m +l) • • • X j(n)) 



A A X 



>-i(i) 



X 



i(n) 



We extend the equality -§[<f>t(P) = <t>t (A A P) from monomials of C(X; : % G I) to ah P G 
C{Xj : i G /} by linearity and by the following induction. If P and Q G C{Xj : i £ 7} verify 
f t M P ) = & (A A P) and f t MQ) = & (A A Q), we have 



^<MPtrQ) 



jL(> t (P) r (^(Q)) 

^fc (P)) r (fc(Q)) + 4 (P) r (-^<MQ)) 

t (A A P) r (UQ)) + & (P) r (<fH (A A Q)) 
f (A A P-r(Q) + P-r(A A Q) 

f (A A (PtrQ)' 



5tep 3. Let P G C{Xj : i € J}. There exists a finite index set J C I and d G N such that 
P G Crf{Xj : i G J}. We remark that (0j)t g K+ and A A are linear operators on C^{Xj : i G J}. 
We deduce from Lemma [27T21 and Steps 1 and 2 that for all t G M + , we have 4>t{P) = e tAA P (0). 
In particular, e AA P (0) = fa (P) = r (P ( A) ) . □ 

Proof o/ Theorem\EM Let A = (^) ie / G A 1 and B = (P;)ie/ € .A 7 be free, and P G C{X : 
z G I}. We remark that thanks to Proposition 12.91 we know that A a+ b = A A + Ab, and that 
A A and Ab commute. We deduce directly from Lemma 12. 131 that 

(5) r(P(A + B)) = e AA + B P(0) = e AA+AB P(0) = e AB e AA P(0)=r(e AA P(B)) 

We will now use the following characterization of conditional expectation. The element t(P(A + 
B)|B) is the unique element of W*(B) such that for all B io G W*(B), 

t (P(A + B)B i0 ) = t (r (P(A + B)| B) B l0 ) . 

Since e AA P(B) G W*(B), it remains to prove that for all B io G W*(B), 



t (P(A + B)P 



in' 



r e flA P(B)B 



'd 



2(1 
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In order to use ([5]), we prefer to work on C{X : i G I \J {Iq}}. Let Ri Q : P h-> PXi be 
the operator of right multiplication by Xj on C{X : i G I U {io}}- Let Aj = and Sj G 
W*(5). On one hand, we have P(A + B)B l0 = R io P(A + B,A io + B io ), and using ©, we 
have r (P(A + B)B l0 ) = r ((e AA ' A *o i? io (P)) (B, B io )\ . On the other hand, r (e AA P (B) B io \ = 

r ((Ri e A ' At o (P)j (B,Bi )j. Thus, it remains to prove that the operators A A] ^ and Ri 

commute. Let us check it on monomials. For all n G N and i(l), . . . ,i(n) £ I Li {io}, let us fix 
i(n + 1) = iq. Because all free cumulants involving Ai Q = are equal to zero, we have 



A A -Rj ( x i(i) • • • x i( n ) 



E 

Km 



Lk (^j( fcl ),... ,A^ km )\ Xj(!) •••Xj( jfel _ 1 ) 



l<fcl<...<fc m <n+l 



tr X 



i(ki) 



X, 



i(fc 2 -l) 



E 

\<m 
l<ki<...<k m <n 



Lk[A^ kl) , 



tr \ X i(k 2 ) " ' '^(fc 3 -i) 



tr ( X i(k m -i) ■■■ X i(k m -l)) 

X i(k m ) ' " " X i(n+1) 



■> A i(km)) X i(l) ••■ X i(k 1 -1) 



tr X 



i(ki) 



X i(k 2 -1) 



-Rio A a [ X i(l) ■ ■ ■ X i(n) 



tr (Xj(fc 2 ) • ••Xj( A . 3 _ 1 ) 



tr (^Q(fc m _i) •••^(fc m -i)J 



The commutativity is extended to all C{Xj : i G / U {?o}} by an immediate induction, because 
for all P, Q G C{Xi : i £ I Li {io}}, we have 

A A R i0 (PtrQ) = (A A ^ (P))trQ + ^ (Ptr(A A (Q))) 

P io A A (PtrQ) = (p io A A (P))trQ + i^ (Ptr(A A (Q))Y □ 



and 



2.6. The graded Hopf algebra y( k >. We present here the formalism necessary for the proof 
of Theorem EUHl It will be used only in Section f2. 71 We use the notation and results of Mastnak 
and Nica, and we refer to [12] for further detailed explanations. 

Let {1, . . . , k} C N be a fix index set, and [k]* = U^LqJI, . . . , k} n be the set of all words of 
finite length over the alphabet {1, . . . , k}. Let us denote by y( k > the commutative algebra of 
polynomials C Y w : w G [A;]*, 2 < \w\ . By convention, for a word w G [k]* such that \w\ = 1, 

set Y w = 1. Moreover, for all word w G [k]* such that 1 < \w\ = n, and all ir = {S±, . . . , S k } G 
NC(n), set Y w - W = Y m ■ ■ ■ Y Wk G yv°> where for all 1 < i < k, uti is the world w restricted to S{. 
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2.6.1. Definitions. The co-multiplication A : 3^ ' —> y ' ® 3^ ' is the unital algebra homo- 
morphism uniquely determined by the requirement that for every w G [k]* with 2 < \w\ we 
have 

&(Y W ) = Y, Y w ^®Y w . K ^y 
TrSiVC(n) 

The counit e : y^> i — ?- C is the unital algebra homomorphism uniquely determined by the 
requirement that for every w G [k]* with 2 < |io| we have e(Y w ) = 0. 

Proposition 3.6. of [IB] reveals the structure of bialgebra of 3*' '. The algebra 3" ' is a 
bialgebra when we endow it by the comultiplication A and the counit e, which means that 

(1) (A ® id) o A = (id ® A) o A : 3 ;(fc) -»■ 3 ;(fe) 8) 3 ;(fe) ® 3 ;(fc) (coassociativity), 

(2) (e ® id) o A = (id ® e) o A = id (counity), 

(3) A and e are unital algebra morphisms, 

Moreover, y( k > is a graded bialgebra. More precisely, for all n G N, the homogeneous elements 
of degree n are the elements of 

V « - «™r, iV V • X < 9,^1, •••, W g G M* with 1 

j/ n -span|r Wl r Wq . \ Wl \^ ^ ^^ y 1 and \ Wl \ + ^ ^ + \ Wg \ = n + q j ■ 
This gradation makes the bialgebra 3^ ' a graded connected Hopf algebra, which means that 

(i) y { k) = c, 

( 2 ) y^ = Q^yW 

(3) for all m,n G N, 3^ } ■ 3^ C ^| n and A(^ fc) ) C @™ =0 y\ k) ® 3>, (fc) 



n— i' 



2.6.2. T/ie convolution. Let m : 3^ fc ' ® 3^^ - ► 3^^ be the linear map given by multiplication 
in y( k ' . Let £ and r\ be two endomorphisms of 3^ ' ■ The convolution product £ * 77 is defined 
by the formula 

£ * 77 = ?n o (£ (g> 77) o A. 

It is an associative product on endomorphisms. Let us emphasize that a linear form £ : 3^ ' l— > C 
is considered as an endomorphism of 3" ^ since C is identified with the subalgebra C • ly(k) of 
y( k > . Let £ be an endomorphism of y( k ' such that £(1) = 0. Because A respects the gradation of 
y( k ' , the convolution powers (C* l )ieN °f £ are locally nilpotent. More precisely, for all n G N, £*' 
vanishes on 3n whenever I > n. Thus for all sequence (a;); e pj in C, we can define unambiguously 
X;^ a iC l - For all n G N and all Y G 3 ;(fe) of degree n, we have 




In particular, for all endomorphism £ of 3^ ' such that £(1) = 0, let us define exp*(£) by 
Y^iZohA* 1 ^ anc ^ ^ or an endomorphism 77 of 3^ such that 77(1) = 1, let us define log* (77) by 
— X)£o j( £ ~ V)* 1 ■ The exponentiation exp* maps bijectively the set of endomorpsims £ of y^ k > 
such that £(1) = onto the set of endomorphisms 77 of y^ k > such that 77(1) = 1, and the inverse 
of this bijection is given by log*. 

Let us indicate that 3^ ' is a Hopf algebra. Indeed, let us define the antipode S by the series 
e + Ya^i{e - id)* z . Then the antipode S is such that 5 * id = e = id * S. 
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2.6.3. Free cumulants. Let A = (A±, . . . , Ak) G A. The character xa associated to A is defined 
as follows (note that in [16], xa would be denoted by x^ A where /xa is the distribution of A). 
The linear form xa is multiplicative and for all w = (i(l), ■ ■ ■ , i(n)) G [k]* such that 2 < n, we 
have XA.(Yu>) = /c(^ i(1) , . . . , A i(jl) ). 

Let us suppose that k{A\) = . . . = k(Af c ) = 1. For all word w = (i(l), . . . ,i(n)) G [A:]* such 
that 1 < n, and all ir G NC(n), we have 

(6) XaOW) = k[n] (A(i), ■ ■ ■ , ^i(n) 

by the multiplicative properties of xa and of the free cumulants. Proposition 4.5. of [16] links 
the free cumulants and the free log-cumulants as follows. For all w = (i(l), • • • , i(n)) G [k]* such 
that 2 < n, we have 



(7) log* xa(^) = £& (A i(1) , . . . , A i{n)j 

Moreover, log* xa is an infinitesimal character, which means that for all Y\,Y 2 G y^ k \ we have 

log* XA<XiY 2 ) = log* X a(Yi) ■ e(Y 2 ) + e(Y l ) ■ log* X a(Y 2 ). 

Proposition 2.14. Let (A±, . . . ,Ak) £ A be such that k(A\) = ... = k(A) c ) = 1. Let w = 
(i(l), . . . , i(n)) G [k]* be such that 2 < n and it G NC(n). We have 



1 Ir ' 

fc w {A(i),---,A i{n) j = y. Tpun Lk [ K ^{Ki~i) 

r simple chain in NC(n) i=l 

r=(7ro,...,7r| r |) 
T|r|=f 

Proof. We have /c[vr](A i(1 ), . . . , A i{n) ) = xa(Y w;7T ) = exp*(log* xa){Y W]7T ). 
By definition of exp* , we have 



^i(l) 1 ■ ■ ■ ) ^i(n) 



fc[7r] (A i{1) ,...,A i{n) ) =Y,n( l °g*XA)* l (Y w;n ). 

1=0 

For all 1 < I, let A' : y^ — >■ (;y( fc ))®' denotes the iterate of A. With a slight improvement, 
Proposition 4.2. of [TBJ asserts that 



&\Y w . n )= Y, Y w;K nl (« )®Y w . Kn2ini) ®---®Y w . Knini _ iy 

T multi-chain in NC(n) 
r=(7ro,...,7Ti) 



7T;=7r 



Thus, we have 



oo 1 \r\ 



k[Tr][A i{1) ,...,A i{n) j = J2u J2 H ] °S*XA(Y vt;K ^(i ri . 1 )) 

1=0 ' r multi-chain in NC(n) i=l 

r=(TT ,...,TTl) 
TTl=TT 

1 Ir| 

zZ ^7lI lo g*^ A ( y «';^(^-i))- 

r multi-chain in NC{n) ' ' ' «=1 

r=(7ro,...,7T|r|) 

7r| r |=7r 

It remains to prove that for all ir G NC(n), log* Xa(Y W]7T ) = Lk[Tr](A i ^ , . . . , A^ n -j) if -k has 
exactly one class which has more than two elements, and if not. Let ir G NC(n) such that tt 
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has exactly one class which has at least two elements. Let {j±, . . . ,Jn} be this class of ir, with 
ji < J2 < ■ ■ ■ < Jn ■ Using ([7]) , we have 



log* XA{Y W]n ) = log* XA \Y{i(jl),-,i{JN))) = Lk { A i{jl)> ■ ■ ■ > A i{JN)) = Lk [ n } \ A i(l)i- ■ ^ A i(n)) ■ 

If 7r = n £ NC(n), we have log* Xa(Y w - w ) = log* Xa(1) = 0. Finally, if ir £ NC(n) has two 

classes which have at least two elements, there exists Yi,Y 2 £ y^ k ' \3^-j such that Y w - n = Y1Y2. 
We have e(Yi) = e(Y 2 ) = 0. Thus, 

log* Xa(Y W]7T ) = log, xa(Y 1 )e(Y 2 ) + e(Y x ) log* X a(Y 2 ) = 0. D 

The LS'-transform of A is the series in the non-commuting variables z\ , . . . , Zk defined by 

LS A {zi,...,z k ) = Y^ \°g* Xa(Y w ) ■ Z i{1 y ■ Z i{n ) 

2<n 

w=(i{l),...,i(n))e[k]* 

= ^2 LkyA i ^,...,A i ^J Zi(i)--- znn)- 

2<n 
(<(l),...,i(n))6[fc]' 

Proof of Proposition \2.J\ Proposition 5.4 of [IB] says that A±, . . . ,A^ are free if and only if one 
has LSa(zi, ■ ■ ■ Zk) = LSa 1 (zi) + . . . + LSA k (zh), or equivalently, that A\, . . . , Ak are free if 
and only if Lk(A i n\, . . . , A^s) = each time there exists some j and j' such that ij ^ iy. 
Proposition 12.41 follows immediately. D 

Proof of Proposition \2.5[ Let A and B £ A be free and such that t(A) and t{B) are non- 
zero. We have first t(AB) = t(A)t(B), thus Lk x (AB) = Lk x (A) + Lkt(B) (mod 2m). Set 
A = A/t(A) and B = B/t(B). Corollary 1.5 of [IB] says that LS M = LS A + LS n . Thus, for 
all 2 < n, Lk n (AB) = Lk n (Ab) = Lk n (X) + Lk n (s) = Lk n (A) + Lk n (B) . D 

2.7. Proof of Theorem 12.101 We start by proving a weak version of Theorem I2.1UI in the 
following lemma. 

Lemma 2.15. Let I be an arbitrary index set. Let A = (Ai) i£l £ A . Let P £ C{Xj : i £ /}, 
and B = (Bi) ieI £ A be free with (Ai) i&1 . Let us assume that for all i £ I, r(Ai) = r(Bi) = 1. 
We have 



r(P(AB)) = r(e DA P(B)). 



Proof. For all P £ C{X{ : i £ /}, the indices involved in P are finite. Thus, we can suppose 
that / is finite. Let us say that I = {1, . . . , k} C N. 

Let us assume first that P is a monomial. Let w = (i(l), . . . ,i(n)) £ [k]* be such that 
P = ^Q(i) • • • Xi( n \. Thanks to (fT]), we have 

T (^i(l)-Bj(l) ■ ■ ■ A i(n) B i(n)j = /I k W \ A iW ' ^C 1 ) ' " ' >^(n)> ^t(n)J • 

7reiVC*(2n) 

The element A and B are free. By Proposition 12. 1[ the only elements of NC(2n) which con- 
tribute to the sum are the partitions of the form m U tt 2 where tx\ £ NC({1, 3, . . . , 2n — 1}) and 
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7r 2 e NC({2, 4, . . . , 2n}). We use now the definition of K(n). We have 

T (Ai(l) B i(l) ■ ■ ■ A i{n) B i{n)J 

= Y Y k[Tr 1 U^ 2 ]yA(l)i ]B i(l)i---)A(n)i B %(n) 

TT 1 eNC({l,3,...,2n-l})TT 2 eNC({2,4,...,2n}) 
Tr 1 UT7 2 eNC(2n) 

Y Y fc ki](^(i).-'.^w)- fc N(%v,%). 

■KieNC(n) n 2 &NC(n) 

w 2 ^K(-K 1 )eNC(n) 

Applying now (QJ , we see that 

T [A(l) B i{l) ■ ■ ■ A(n) B i(n)) = Y M 71 "] (^(1)> • • • ' A i{n)) ' T K ( n ) \ B i(l)>- ■ • » B i(n) 

n£NC(n) 

We recognize here the comultiplication A. More precisely, let us define 7/b the character associ- 
ated to B as below. The linear form tjb is multiplicative and for all w = (i(l), • • • , i{n)) € [A;]*, 
we have t]b(Yw) = T ( B i(i)i • • • ■> B i(n))- For all w = (i(l), ■ ■ ■ , i{n)) £ [k]* we have 



K(it) 



B i(l),--- , B i(n) 



T [A(l) B i{l) ■ ■ ■ A(n) B i(n)) = Y ^M (A(l) 5 ---,A(re)J -7" 

n£NC(n) 

= Y XA(Y w . >1T )r)B{Y w; K(n)) 

■K&NC{n) 

= Xa*Vb(Yw)- 

We arrive in the Hopf algebra y^ k , and consequently we introduce the algebra morphism 
p : (C{Xj : % £ I},- tT ),\-> (y( k \-). For all monomial X i( ^ ■ ■ ■ X^ n ) £ C{Xj : i E I}, we set 
p{X i ry\ ■ ■ ■ Xj/ n )) = ^ / "(i(i) v .. i i( n )), and we extend p by linearity and by products. 

Since P t- >■ r (P(AB)) is multiplicative and xa * Vb is also multiplicative as a convolution 
of two characters, the relation r(P (AB)) = xa * iJb(p(P)) extends from monomials to all 
C{Xi : i E J}. Similarly, the relation r(P(B)) = tjb(p(P)) extends from monomials to all 
C{X l :»€/}. 

Here we prove a general result which relates the composition exponentiation with the convo- 
lution exponentiation exp^. 

Lemma 2.16. For all linear map £ from y( ' to C, and for all endomorphism r\ of y^ ' , we 
have £*t/ = 7/o(£* id). Moreover, if £(1) = 0, we /icwe exp„,(£) * id = e* . 

Proof. For all Yj. , Y 2 £ 3^ > we have 

mceOi) r/(y)) = e(n)??(i2) = r?(e(Fi)F 2 ) = v m^en) ® i*). 

Thus, m o (£ ® 77) = 77 o m o (£ (g> id), and eventually, 

£*77 = 77lo(£(g)77)oA = 770777,o(£(g)id)oA = ?7o(£*id). 

For the second relation, let us suppose that £(1) = 0. It suffices to apply the previous result 
with n = £ * id. By an immediate induction, for all I £ N, we have 

f*' * id = f^" 1 ) * (f * id) = (f * id) o (£*(«-!) * id) = ... = (£ * id) ( '~ 1} o (f * id) = (£ * id)', 

OO -1 oo -■ 

and consequently, exp„,(£) * id = ^ — £* z * id = Y, 77 (£ * id.)' = e^* ld . □ 

l=o L l=o L 
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Because log* xa is from y( ' to C, using Lemma [2.161 twice, for all P £ C{A"j : i G 1} we have 
r (P (AB)) = X A * m{p(P)) = m o (xa * id) o p(P) = VB o e l °z* * A * id o p(P). 

For all P £ C{Xi : i £ I}, we have also that r (e DA P(B)) = r] B o p o e° A (P). Therefore, it 

remains to prove that (log* xa * id) o p = p o Da- Let us check it first on monomials. For all 
w = (i(l), . . . , i(n)) G [k]* , we have 



(log* XA * id) o p (X i(1) • • • X i(n) J = log* xa * id(y ro ) 

TreATC^) 

In the proof of Proposition l2.14l we proved that for all7r G NC(n), log* Xa(^;7t) = -^M^K^i); •••> ^i{n)) 
if 7r have exactly one class which has more than two elements, and if not. In the case where 
ir has exactly one class which has more than two elements, let us denote by {k±, ■ ■ ■ , k m } this 
class of 7r, with fei < k% < . . . < k m . We have K(tt) = {{1, . . . , k\ — 1, k m , . . . , n}, {k±, . . . ,k2 — 
1}, . . . , {fc m _i, ...,k m - 1}}. Thus, we have 

(log*XA*id)op(Xj (1 )---Xj( fc) ) = ^ l0E*XA(Y W ;ir) -Y w ;K{ir) 

neNC(n) 

= Y L k \Ai( kl }, ..., -4j(fc m ) J Y w -,k(tt) 

2<m 
l<fcl <...<km<n 

= p(D A ^i(i) •••Xj( fc )). 

Since Da is a derivation, (log* xa * id) o p = p o Da will be a direct consequence of the fact 
that log* xa * id is a derivation. One can verify it, but we remark that e log * * A * ld = xa * id, and 
because XA*id — id is locally nilpotent because XA*id — id makes the degree strictly decrease, we 
also have log* xa * id = log(xA * id) = — J2hLo 7 (id — Xa * id)'. Finally, xa * id is multiplicative, 
so log* xa * id = log(xA * id) is a derivation. □ 

Proof of Theorem WH\ Let A = (Ai) ieI G A 1 be such that r(A) ¥= ° for alii £ I and B = 
(Bi)i£i G A 1 free with (Aj)j £ j such that t(Pj) ^ for all i £ I. 

Step 1. Proposition 12.111 savs us that D t (a)> L\(b) and D A / T (A) commute, and that e° A = 
e DA/r(A )e Dr(A). Let («(1), . . .,i(n)) £ I, and P = X i(1) ■ ■ -Xi( n) . Using Lemma I2TT51 we have 



r (P (AB)) = t(t (A i(1) ) r (P i(1) J • • • r (A(n)J r (P i{n) j P (A/r(A) • B/r(B)) 

= r (e D -(B) e D -(A)P (A/r(A) • B/r(B))) 

= r (e DA M A > e D -( B > e D -< A > P (B/r(B))) 

= r(e D -( B )e DA P(B/r(B))). 

This relation extends to all C{Xi : i £ 1} by induction. 
In particular, and because e° A P G C{JQ : i £ I}, we have 

(8) r (e DA P (B)) = r (e° A P (r(B)B/r(B))) = r (e D -< B >e DA P (B/r(B))) = r (P (AB)) . 
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Step 2. We will use the following characterization of conditional expectation. The element 
r (P(AB)| B) is the unique element of W*(B) such that for all B io G W*(B), 

r (P(AB)B l0 ) =t(t (P(AB)| B) B i0 ) , 

and since e DA P(B) G W*(B), it remains to prove that for all B io G W*(B), 

t (P(AB)B io ) = t (e DA P (B) B io 



In order to use Lemma I2.15| we work on C{Aj : i G / U {«o}}- Let Ri : P \- )■ PXi 
be the operator of right multiplication by Xi on C{X{ : i G I U {^o}}- Let ^4j = 1 and 
-Bi G W*(B). On one hand, we have P{AB)B io = Ri P(AB,A io B io ), and using (JHJ) , we 
have r(P(AB)P io ) = r (Ye^'^oP^P) (B,P io )) . On the other hand, r (e DA P(B)P i( 



r((P lo e DA -MP))(B,pJ). 

Thus, it suffices to prove that the operators Da,^ and Ri a commute, which is essentially the 
same verification as the end of the proof of Theorem 12.81 at Section 12.51 □ 

3. Free Segal-Bargmann and free Hall transform 

This section is devoted to provide a new construction of the free Segal-Bargmann transform 
and of the free Hall transform defined in [B] using free convolution or more precisely, using 
the free transition operators of Theorem 12.81 and I2.1U1 The free Segal-Bargmann transform is 
completely characterized in Theorem 13.11 and the free Hall transform in Theorem 13.71 

In the whole section, we will work in a unique H / *-probability space. Let (A, r) be this 
VF*-probability space. 

We start with a very succinct review of some results of |17| . Let us suppose that (A,t) is 
represented on a Hilbert space H, in the sense that A is a subspace of bounded operators on %. 
The norm operator of A is denoted by 1 1 - 1 1 oo ■ A (not necessarily bounded or everywhere defined) 
operator A on % is said to be affiliated with A if AU = UA for every unitary operator U in 
the commutant of A. The set of closed densely-defined operators affiliated with A is denoted 
by Wl(A). For all A £ A, let us denote by \\A\\ 2 the norm \\A\\% = r (A* A). If A G Wl(A), we 
can still define the norm || • ||2 of A (not necessarily finite), by extending the trace r to general 
positive operators. The space L 2 (A, r) = {A £ Wl(A) : ||-A||2 < oo} is a Hilbert space for the 
norm || • ||2 in which A is dense. When we consider a Hilbert space completion for the norm 
|| • ||2, it will always be identified with a subset of L 2 (A, r), and so with a subset of 9Jl(A). 

3.1. Semi-circular system and circular system. Let H be a real Hilbert space, with inner 
product (•, -)h- 

3.1.1. Semi-circular system. A linear map s = (s(h))heH from H to A is called a semi-circular 
system if 

(1) for each h G H, the element s(h) is a semi-circular random variable of variance ||/i||^, 

(2) for each orthogonal family h±, . . . , h n in H, the elements s(hi), . . . , s(h n ) are free. 

Let s be a semi-circular system. We denote by L 2 (s, r) the Hilbert completion of the algebra 
generated by s(H) for the norm || • H2 : A 1— >■ t(A*A) 1 ' 2 . Let us compute the free cumulants of 
s. Let n G N and hi, . . . ,h n G H. By Proposition 12.11 and by the definition of a semi-circular 
random variable in Section [2.2.31 and by the linearity of the free cumulants, we have 

k(s(hi), s(h 2 )) = k(s(hi)*,s(h 2 y) = k(s(hi)*,s(h 2 )) = k(s(hi), s(h 2 y) = (hi, h 2 ) H , 

and fc(s(/ii)W, . . . , s(/i„) W ) = if n / 2. 
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3.1.2. Circular system. A linear map c = (c(/i))/ lG // from H to A is called a circular system if 

(1) the maps V2K(c) : h H- ^(c(h) + c{h)*) and y^c) : h H- ^(c(/t) - c(/i)*) are 
semi-circular systems, 

(2) K(c)(#) and 3(c) (#) are free. 

Let c be a circular system. We denote by L^ ol (c, r) the Hilbert completion of the algebra 
generated by c(H) for the norm || • ||2 : A i— > t(A*A) 1 ' 2 . Let us compute the free cumulants of 
c. Let n E N and hi, ■ ■ ■ , h n E H. By the linearity of the free cumulants, we have 

fc(c(/ii),c(/i 2 )) = fc((8fJ(c)+«9f(c))(fci),(»(c)+i3f(c))(ft2)) 

= ±k(y2SR(c)(hi), V2M(c)(h 2 )) - ifc(V29(c)(/n), V2%(c)(h 2 )) 

= 0, 

and similarly, k(c(hi)* , c(h 2 )) = k(c(hi), c(h 2 )*) = (h\,h 2 ) H , k(c(hi)* , c(h 2 )*) = 0, and 

fc(c(/ ll )W,...,c(/ ln )M) = 0ifn/2. 

3.2. Free Segal-Bargmann transform. Let s be a semi-circular system, and c be a circular 
system from H to A. The free Segal-Bargmann transform is an isomorphism from L? (s, r) to 
-^hoi ( c ' r )- -^ i s defined in all generality in [BJ, but the link with free convolution was only made 
in the dimension 1. 

3.2.1. Definition. Let us define the Tchebycheff polynomials (T n ) n6N by their generating func- 
tion: for all \z\ < 1 and —2 < x < 2, we have 

oo , 



$> n T n (x) = - -^ 

„ 1 — xz + Z A 

n=0 



We remark that for all n E N, the degree of T n is n and the leading coefficient is the coefficient 
of x n z n in the development and is equal to 1. 

A quick way to define the free Segal-Bargmann transform is to define it on polynomials. 
Let (hj)-£j be an orthonormal basis of H. Let us define Q by the unique linear operator on 
C{X h . :jeJ) such that for all n E N, An, . . . , k n E N* and j(l) / j(2) / • • • / j(n - 1) / j(n) 

elements of J, one has £ [T kl (X hj(1) )---T kn (X hj(n) ) J = X^. (1) • • • X hj(n) . The following theorem 
due to Biane corresponds to Definition 4 of [Bj. 

Theorem (Biane [BJ). T/ie map -P(s) i-)- C/(P)(c) /or a// P E C(AV '■ j E J) is an isometric 
map which extends to a Hilbert isomorphism between 1? (s, r) and L^ o[ (c, r) called the free 
Segal-Bargmann transform. 

3.2.2. Another construction. Theorem 13.11 can be interpreted as the free version of Theorem of 
Segal-Bargmann (see [1]). 

Theorem 3.1. Let s be a semi-circular system, and c be a circular system from H to A. For 
all P E C{Xh ■ h E H}, T : P (s) h-> e s P(c) is an isometric map which extends to an 
Hilbert isomorphism T between L 2 (s,r) and L^ ol (c, r). Moreover, this isomorphism is the free 
Segal-Bargmann transform. 

In particular, if s and c are free, for all P E C{Xh : h E H}, 



TIP (a)) =r P(s + c) 
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Proof. We will prove in a first step that for all P, Q G C{Xh '■ h G H}, we have 

2 



0) 



P s 



Il 2 (s,t) 



■P(c) 



,(c,r) 



This proves the isometry, and so the extension to a Hilbert isomorphism T between I? (s, r) 
and T (L 2 (s, r)) C L^ol (c, r). The surjectivity is clear since for all P G C (X^ : h G P), 



P(c) 



A= -A, 
e s e 



P(c) = P e~^ s P(c) 



The equality with the free Segal-Bargmann transform will be made in a second step, and the 
last part of Theorem 13.11 follows from Theorem 12. 8\ which says that for all P G C{Xh : h G H}, 

e As P(c) = t(p(s + c) 



Step 1. In the aim to prove §§§, we work on the *-algebra C{Xf L : h G H U (P x {*})} = 
CjX^jq :h£H} (see Section fTXTD . 

Let s + and s~ be two semi-circular system from H to A such that s + , s~ and c are free. 
Let us define five auxiliary maps from H U (H x {*}) to A. The fourth one are the natural 
extensions of s, c, s + and s~. For all h G P, we set s(/i) = s(h) = s((/i, *)) = s(h)*, c(/i) = c(fo), 
c((/t,*)) = c(/i)*, s+ = s+(/i) = s+((/i,*)) = s+(/i)* and s" = s"(/i) = s"((/i,*)) = s"(/i)*. 
The last map s is defined for all h G H by s(/i) = c(/i) + s + (/i), and s((h, *)) = c(/i)* + s~{h). 
We remark that s, s + and s - have the same distribution, and that s is equal to c + s + on H 
and is equal to c + s~ on H x {*}. 

Let P G C{X h : h£ H}. Theorem EOHl gives us that 



and 



|P( S ) 



= As P(c) 



lL 2 (s,r) 



r P(s)*P(s 



T P*P(S 



e^ s (P*P) (0) 



T 2 



(c,r) 



e As P(c) 

t(P 



c, s 



e As P(c 
r ( r(p (c + s _ ) |c,s~ 
= t(p (c + s~)*P(c + s 
= t(p*(c + s _ )p(c + s 
= r(P*(s)P(s 

= r(P*P(S)) 

= (e As (P*P)) (0) 

It remains to prove that A s = A§ on C{Xh,X^ : h G P}. By definition, it suffices to prove 
that the free cumulants of (s(^))hu(#x{*}) an d (s(^))//u(ffx{*}) coincide. 

Recall that 0,4 is free with all element of A, so all free cumulants involving 0.4 are equal to 
0. The data of the free cumulants of a semi-circular system (see Section |3.1.1|) . of a circular 
system (see Section I3.1.2J) and the linearity of the free cumulants allows us to deduce the free 
cumulants of (s(h)) HU ( H x{*}) and ( § 0))mj(Hx{*})- 

We observe first that all free cumulants of order different from 2 involved are equal to 0. Thus, 
for all n G N and hi, . . . , h n G H U (H x {*}), we have 

k (s(/ii), . . . , s(h n )) = = k (s(/ii), . . . , s(/i„)) . 
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Only cumulants of order 2 are non trivial. Let hi, h 2 G H. We have 
A:(s(/ il ),s(/ J2 )) = k(s(h 1 ),s((h 2 ,*))) = fc(s((/n,*)),s((fc2,*))) = fc(s(/ii),s(/i 2 )) = {hi,h 2 ) H , 

k(s(hi), s(h 2 j) = k(c(hi) + s+(hi), c(h 2 ) + s +(/t 2 )) = k(s+(hi), S +(ft 2 )) = </»i, h 2 ) H , 

k(s(hl), s((h 2 , *))) = fe(c(/tl) + S +(/tl), c(/»2)* + S-fa*)) = fc(c(^), c(/i 2 )*) = (/tl, fc 2 ) H , 

and 

k(s((h u *)),s{(h 2 , *))) = fc(c(fci)* + «"(/*), c(fc 2 )* + s - (/i 2 )) = fc(s"(/ii), s^)) = (/»i, fc 2 ) H • 

At the end, for all hi,h 2 G H U (i? x {*}), we have A:(s(/ii),s(/i2)) = k(s(hi),s(h 2 ) 



Step 2. We prove now that the isomorphism P is indeed the free Segal-Bargmann transform. 
That can be done using the factorization of Section 11.2.31 More precisely, with the aim of 
working on polynomials, we will use the identity P (c) = P\ (s) for all P G C{X^ : h G H}. 

For all P G C(X hj : j G J), we have (e As P)| c = <?(P). This fact is easily obtained by induction 
on the degree of P. Indeed, P h> (e s P)| c and P 1— *• ^(-P) respect both the degree of P, preserve 
leading coefficients and are isometries between (C(-X/,. : j G J), || • || s ) and (C(X/j. : j G J), || ■ || c ) 
for the norms || ■ || s : P 1— > ||P(s)||2 and || ■ || c : P 1— > [|P(c)||2. This proves that for all 
P G C(X hj : j G J), we have J r (P(s)) = e As P(c) = (e As P)| c (c) = G{P)(c), establishing 
the equality between T and the free Segal-Bargmann transform on the algebra generated by 
(s(hj))j£j, and because they are isomorphisms, this equality extends on L 2 (s, r). □ 

3.3. Free stochastic calculus. 

3.3.1. Semi-circular and circular Brownian motion. A free standard Brownian motion, or semi- 
circular Brownian motion, is a family (At) teR+ of self-adjoint elements in A, such that 

(1) X = 0; 

(2) For all s < t G M + , the element Xt — X s is semi-circular of variance t — s; 

(3) For all £1 < . . . < t n G M + , the elements A tl , A t2 _ tl , . . . , A in _ in _ 1 form a free family. 

Let Bbea von Neumann subalgebra of A, free with W*(X t , t G M + ). We denote by Bt the von 
Neumann algebra generated by W*(X S , s < t) U B. 

A free circular standard Brownian motion is a family (Zj) teR + of non-commutative random 
variables in A such that 4=(Z t + Z i *) tGR + and (-j=-\Z t — Z*)) fGR + are two free standard Brownian 
motions which are free. 

3.3.2. Free stochastic integration. Let us recall briefly some basic definitions of free stochastic 
calculus. For simplicity, let us consider a very restricted situation. For further information, and 
more developments, see [B], [H] or |12j . We will treat in parallel the semi-circular and the circular 
case. 

Let t G M + . Let s 1— >• A s and s 1— >■ -B s be maps from [0,£] to *4, continuous and uniformly 
bounded for the operator norm || • H^. We suppose that for all s G [0, t], A s and B s G B s (respec- 
tively W*(Z u ,u < s)). Such mappings are called bounded adapted semi-circular (respectively 
circular) processes on [0,i\. Then, we can define the free stochastic integral f A s dX s B s G Bt 
with respect to X (respectively the free stochastic integrals f A s dZ s B s G W*(Z s ,s < t) and 
/ A s dZ*B s G W*(Z S , s < t) with respect to Z and to Z*). A bounded adapted process on R + 
is a bounded adapted process on all [0, t] C M + . 

The following lemma includes properties corresponding to Lemma 10 and Proposition 7 of [6], 
and to Proposition 3.2.3 of [S]. 
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Lemma 3.2. Let A and B be two bounded semi-circular (or respectively circular) adapted pro- 
cesses. We have for allt£R+, r (j* A s dX s B s b) = and (f* A s dX s B s Y = J* B* dX s A* s in 



the semi-circular case. 

We have for all t £ R+ , r (/„* A s dZ s B s ^j = 0, r (ft A s dZ*B^j = and ^A s dZ s B t 

/q' B* dZ*A* s in the circular case. 

We have Ito formula for free stochastic integrals (Proposition 8 of [B], or Theorem 4.1.2 of [8]) 
which are summed up below, using formal rules. Let A, B, C and D be bounded adapted 
semi-circular processes. We have 



A t dt -C t dt = A t dt ■ C t dX t D t = A t dX t B t -C t dt = 0, 



and 



A t dX t B t ■ C t dX t D t = t (B t C t ) A t D t dt. 
Let A, B, C and D be bounded adapted circular processes. We have 
A t dt -C t dt = A t dt ■ C t dZ t D t = A t dZ t B t -C t dt = A t dt ■ C t dZ* t D t = A t dZ*B t -C t dt = 0, 

A t dZ t B t ■ C t dZ t D t = A t dZ*B t ■ C t dZ* t D t = 

and 

A t dZ*B t ■ C t dZ t D t = A t dZ t B t ■ C t dZ*D t = r (B t C t ) A t D t dt. 

As an example, let us write the Ito formula in terms of free stochastic integrals in the semi- 
circular case. For all t £ M + , we have 

rt r rs 1 rt r 



A s dX s B s f C s dX s D s 
o Jo 



A s dX s 



o 



B„ I C u dX u D u + 
o J Jo 

r{B s C s )A s D s ds. 
o 



A u dX u B u U s 



dX„D M 



3.4. Free unitary Brownian motion. The (right) free unitary Brownian motion (Ut)t€M+ i s 
defined to be the unique bounded adapted semi-circular process which is the solution of the 
following free stochastic differential equation 



(10) 



Uo 
dU t 



Id, 

idX t U t -\U t dt. 



It can be constructed using Picard iteration (see for example [T5] ). From Lemma 13. 2| we 
know that (JJt)t&+ 1S a bounded adapted semi-circular process defined by the free stochastic 
differential equation 



(11) 



US 

dUf 



Id, 

-iUtdXt-^Ufdt. 



Thanks to the free Ito formula, one obtains UqUq = Id and for all t £ M + , 

d (U t U t *) = iU t dX t U t * - iU t dX t U* t + U t U* dt - hj t XJ* t dt - ^U t U t * dt = 0. 

Thus, for all t £ M + , U* = U^ . The distribution of {Ut)t&+ was computed in [5], and has been 
recalled in Section 12.3.51 
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3.4.1. Extension ofDjj t . The purpose of this section is to establish Proposition 13.31 which is an 
extension of Theorem 12.101 for the unitary Brownian motion. We begin by extending T)jj t on 
C{X,X\X~ l ,X*~ 1 }. 

Let A;GN, andXi,...,X fe G {X,X* ,X~ 1 ,X*~ 1 }. 
For all 1 < i < k, set l(i) = 0, r(i) = 1 and e(i) = 1 if X, = X or Xj = X*" 1 , and l(i) = 1, 
r(i) = and e(i) = -1 if X t = X* or X { = X" 1 . 

Informally, the numbers Z(z) and r(i) indicate if Xi is a left multiplicative process, or a right 
one, and the sign e(i) reflects the coefficient in the stochastic equation verified by Xj. 

For all 1 < i < j < k, the term Xi ■ ■ ■ Xj refers to the product X i Xi+i ■ ■ ■ Xj_\X- , that is 
to say the product Xi ■ ■ ■ Xj including or not Xi and Xj . 
We set 



A u X 1 ---X k = -kX 1 ---X k -2 Y, e(i)e(j)Xf-Xi---X j ---X k tr(Xi---X J 

l<i<j<k ^ 

where the hat means that we have omitted the term in the product. We extend Ajj to all 
C{X, X* ,X~ 1 ,X*" } by linearity and by the relation of derivation 

(12) VP, Q G C{X, X*, X~\ X*" 1 }, Au (P tr Q) = {AjjP) tr Q + Ptr (A V Q) . 



Let t G K + . We observe that if we consider 2^-u on C{X}, the term Xi ■ ■ ■ Xj is always the 
product XiXi + \ ■ ■ ■ Xj-i, and consequently |A[/ coincides with T)jj t on C{X}. 

Since for all m G N, |A(y leaves C m {X,X*,X _1 , X* - } invariant, let us define the endomor- 
phism e^ Au on C{X,X* ,X~ 1 ,X*^ 1 } = \J meN C m {X,X* ,X~ 1 , X*^ 1 } by the convergent series 
J2n=o ST (1)" A t/ on each finite dimensional space C m {X, X*, X" 1 , X*^ 1 }. 

Proposition 3.3. Lett G M+ and P G C{X, X*,X _1 , X* -1 }. For all B G £ invertible variable, 
we have 

T(P(U t B)\B) = e* Au P(B). 

Proof. Let P be an invertible variable of B. We first prove Lemma 13.41 and since the maps 
(P i— >• r (P (PjP)| B)) t6K + are linear, we deduce Lemma 13.31 from Lemma 12.121 □ 



Lemma 3.4. Let B be an invertible variable ofB. For all P G C{X, X*,X X ,X* 1 }, 

dt 



: r(P(U t B)\B)=r(^A u P(U t B)\By 



Proof. Let us define (Iff = UtB) t£ ^+. We deduce from (fTQ|) that (llf) te ^+ is a bounded adapted 
semi-circular process defined by the free stochastic differential equation 

(13) { du} = idX t Uf - luf dt. 

The process {U^) t£K + has an inverse {Uj 3 )^ 1 = P _1 P t ~ at any time t. From (fTTj) . we know 
that ((Pf B ) _1 )ieM+ is the bounded adapted semi-circular process defined by the free stochastic 
differential equation 



(14) 



(U B Y = B~\ 

{ 4 u n = -i^y 1 dXt-Kufy 1 dt. 
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Similarly, from Lemma EO we know that ((Uf)*) te ^+ is a bounded adapted semi-circular process 
defined by the free stochastic differential equation 

f (t/ fl )* = B', 
<15> 1 d«)* = -<(D?)'«Ui-|(D?)-di, 

and that ((U B )* )teM.+ is a bounded adapted semi-circular process defined by the free stochastic 
differential equation 

(16) 



-l 



U<?) = £*"\ 



d(^)*" 1 = idx^ufy-'-Kufy-'dt. 



Using Ito's formula (see Section [3. 3, 2p . the equation (|17p follows by induction on k G N. Let 
A; G N, and C/i, . . . , C/ fe G {U t B , U t B *,U t B ~\ Uf*' 1 }. 

For all 1 < » < fc, set Z(i) = 0, r(i) = 1 and e(i) = 1 if U t = Uf or U t = Uj 3 *' 1 , and l(i) = 1, 
r(i) = and e(i) = -1 if U t = U t B * or U { = U t B ~ l . 

For all 1 < i < j < k, the term £/j • • • Uj refers to the product U i C/i+i • • • Uj-\U, , that is to 
say the product t/j • ■ ■ C/j including or not £/$ and C/j. 
We have 



(17) d (U x ■ ■ ■ U k ) = J2 U x ■ ■ ■ dUi ■ ■ ■ U k - J2 <i)e(j)Ui ■■■U i - --Uj ■ ■ -U k -r lu t - ■ -UA dt. 

i=\ l<i<j<k ^ ' 

Let us show how it works. We suppose that the formula is true for fcsN. Let U k +\ = U B 
We use Ito formula, and evolution equations (fT3|) . (JHJ), ([15]) and (fT6|) to infer 

d(U x ---U k U k+1 ) 



J2Ui---dUi---U k+1 - Y, e(i)e(j)U 1 ---U i ---U j ---U k+1 -T[U i ---U j ) dt 

i=l l<i<j<fc 



+Uf-U k dU k+l + J2 e(i)Ui---U i ---U k+l -T[U i ---U k+1 \dt, 

l<i<k ^ ' 

which is the formula at step k + 1. The other cases U k+ \ = U B ,U B or C/^ are treated 
similarly. 

Evaluating the conditional trace t(-\B) on both sides of (|17|) . and using the fact of the 
Lemma [3.21 that the conditional trace of a stochastic integral with respect to (Xj) teIR + vanishes, 
we have 

A T (u 1 ... Uk \ B ) = -± T (Ux--- U k \B) 



2 J2 e(i)e(j)r\U 1 ---U i ---U j ---U k+1 

l<i<j<k \ 



B\r[U i ---U j ). 



Equivalents, for all k G N, and X t , . . . , X k G {X, X* , X~ x , X*^ 1 }, we have 

_d 

dt' V" 



-r (x x ■ ■ ■ x k (y B ) \b) = r (IauX, ---Xk (u B ) \b 
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We extend this identity to all P G C{X, X*, X" 1 , X* -1 } by linearity and by the following 
induction. If P and Q G C{X,X* ,X~ 1 ,X*~ 1 } verify Lemma ETH we have 

i,(( ft «M| B )^H*|B)r(eK 



(A a P(Uf)\B) r (Q (uf)) + r (P(U t B )\B) r (Y-ir (Q (Uf) \B 



±r (p(Uf)lB)) r (Q (Uf)) + T ( m *)| 8 ) (|r ( Q (tf 

d 

dt 

±AuP{U*)\B) t (Q (Uf)) + r (P(f/f )|B) r (r Qa^Q (uf) \B 
\^uP) tr Q + Ptr Qa^q)) ([/ t B )|£ 

iAt,(PtrQ)(z7f)|B). D 

3.5. Free circular multiplicative Brownian motion. Let us define the (right) free circular 
multiplicative Brownian motion. It is the unique bounded adapted circular process (Gt)tgR+ 
defined by the free stochastic differential equation 

(18) I dG t = dZ t G t . 

The process (Gi)t S R+ has an inverse at any time. It is the bounded adapted circular process 
(Gf ) i6 R+ defined by the free stochastic differential equation 

(19) { dG," 1 = -G^'dZt. 

Indeed, thanks to the free Ito formula 13.3.21 one obtains for all t G M + 

d(G^G t ) = Gt 1 dZ t G t - G^ 1 dZ t G t = Id. 

From Lemma ET21 we know that (Gj) 4g r+ is a bounded adapted circular process defined by 
the free stochastic differential equation 

( 2 °) { dG* = G*dZ*, 

and that (Gjp )tes+ is a bounded adapted semi-circular process defined by the free stochastic 
differential equation 

/ ?1 \ \ Gt = Id, 

V ' \ dGp 1 = -dZ* t Gr l . 

3.5.1. Extension of Dc t - We establish in this section a weak version of Proposition 13.31 for 

(Gt)tm+- 

Let us define a derivation Aql on (C{X, X* , X~ l , X*~ }, - tr ) analogously to the definition of 
A;y in SectionEXU Let k G N, and X 1 ,...,X k G {X, X* ,X~ X ,X*~ 1 }. For all 1 < i < k, set 
l(i) = 0, r(i) = 1 if Xi = X or Xj = X*_\ and l(i) = 1, r(i) = if X; = X* or X = X" 1 . 

For all 1 < i < j < k, the term Xi ■ ■ ■ Xj refers to the product X i Xj_|_i ■ ■ ■ Xj_iX- , that is 
to say the product Xj • • • Xj including or not Xj and Xj . 

For all 1 < i < k, set e(t) = 1 if X { = X or Xi = X* , and e(i) = -1 if Xi = X*" 1 or X = X" 1 . 
For all 1 < i < j < k, set 5(i,j) = if X^Xj G {X^ 1 } or if X h Xj G {X*^*" 1 }, and 
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S(i,j) = 1 if not. 
We set 



A GL X X ---X k = 2 J2 S(i,j)e{%)e{j) ■ X x ■ ■ ■ % ■ ■ X- ■ ■ ■ X k tr fa ■ ■ ■ xj) . 

l<i<j<k ^ ' 

where the hat means that we have omitted the term in the product. We extend A G l to all 
C{X,X*,X- l ,X*~ 1 } by linearity and by the relation 

(22) VP,QeC{X,X*,X-\X*- 1 },A GL (PtrQ) = (A GL P)trQ + Ptr(A GL Q). 

Let t G R + . Since for all m G N, ^A GL leaves C m {X,X* ,X~ 1 ,X*~ 1 } invariant, the endo- 
morphism e^ GL on C{X, X*,X~ l ,X*^} = U meN C m {X, X* , X' 1 ^*' 1 } is defined to be the 
convergent series Y^=o ^t (f)™ {^GL) n on each finite dimensional space C m {X, X* , X~ x , X*" 1 }. 

Proposition 3.5. Let t£l + and P G C{X,X* ,X^ 1 ,X*~ 1 }. We have 

r(P(G t )) = ei A ^P(l). 

This proposition allows us to compute the distribution of Gt- For example, let us remark that 
Aql vanishes on C{X}. It implies that ea GL = id on C{X}, and that for all P G C{X}, we 
have r (P (G t )) = e^ AGL P(l) = P(l). 

Proof. The demonstration follows the proof of Porposition 13, 3t we first prove Lemma 13.61 and 
since the maps (P i— >• r (P (Gt))) t6K+ are linear, we deduce Proposition l3.5l from Lemma r2.12l □ 

Lemma 3.6. For all P G C{X, X*, X~\ X*' 1 }, 

^r(P(G 4 )) = rQA GL P(G t )). 

Proof. Recall that (G t ) tm +, (G^ 1 )^^, (G^) teR + and (Gp 1 ) teR + fit respectively 0, (USD, 
flU and d2U). ^^ 

Using Ito's formula 13.3.21 the equation (|23p follows by induction on k G N. Let k G N, and 
Gi,...,G fc G {G^G^^r 1 ^^ -1 }. For all 1 < i < k, set l(i) = 0, r(i) = 1 if G t = G t or 
Gi = Gp 1 , and i(t) = 1, r{i) = if G< = GJ or G* = G t _1 . 

For all 1 < i < fe, set e(«) = 1 if Gj = G t or X< = G* t , and e(i) = -1 if G t = Gp 1 or G L = G^ 1 . 
For all 1 < i < j < k, set <5(i,j) = if Gi,Gj G {G 4 ,G t -1 } or if Gi,Gj G {G^GJ -1 }, and 
6(i,j) = 1 if not. 
We have 

(23) d(Gi--.G fc ) 

= ]TG 1 ---dG i ---G /t + 2 2 6(i,j)e(i)e(j) • Gi • • • G~ • • • G," • • • G fe tr fa • • • g/) dt. 

One can see the proof of Lemma 13.41 to understand how it works, analogously to the case of Ut- 
Evaluating the conditional trace r on both sides of this equation, and using the fact that the 
trace of a stochastic integral with respect to (Zf) te]K + vanishes (Lemma I3.2|) . we have 



_d 
dt 



r(G 1 ---G fc )=2 ]T 5(i, j)e(i)e(j) ■ r fa • ■ G~~g] ■ ■ -G k )r (g~ • • • g/) . 



l<i<j<k 
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Equivalently, for all k G N, and X 1 ,... ,X k G {X, X*,X~ X ,X* 1 }, we have 

_d 
dt 

We extend this identity to all P G C{X, X* , X~ l , X*~ } by linearity and by the same induction 
as the end of the proof of Lemma 13.41 □ 



-r (Xx ■ ■ ■ X k (G t )) = r Qa gl Xx • • • X k (G t fj . 



3.6. The free Hall transform. Let (C/t) teR+ be a free unitary Brownian motion, and let 
(Gt)t£R+ be a free circular multiplicative Brownian motion. Let t G M + . We denote by L 2 (U~t, r) 
the Hilbert completion of the *-algebra generated by Ut and U[~ for the norm || • ||2 : A i— > 
t {A* A) ' , and by L^ ol (Gt,r) the Hilbert completion of the algebra generated by Gt and G~j~ 
for the norm || • ||2 : A i— >• r (A* A) ' . 

3.6.1. Definition. For all t G R + , let us define the polynomials (-P^) neN by the generating series 

Y J z n P t n {x) = - 



■-(Ha) 



n =o 1 — ze 2Vl - z/ 2; 

We remark that for all t £ M_|_ and n S N, the degree of P^ is n and the leading coefficient is 
the coefficient of x n z n in the development and is equal to e nt ' 2 . 

A quick way to define the free Hall transform is to define it on Laurent polynomials. Let 
us denote by C[X, X -1 ] the space of Laurent polynomials. For all t £ R + , let us define Gt 
by the unique linear operator on C[X, X" 1 ] such that for all n S N, one has Gt (P^(X)) = X 
and Gt (-fn(^ -1 )) = X ■ The following theorem due to Biane corresponds to Theorem 9 and 
Lemma 18 of [2]. 

Theorem (Biane [6]). Let t G M + . The map T t ■ P(U t ) >-> Gt{P)(G t ) for all P G Cp^X" 1 ] is 
an isometric map which extends to a Hilbert isomorphism Tt between L 2 (Ut,T) and L^ ol (Gi,r) 
called the free Hall transform. 

We notice that the polynomials (-P^) neN are defined in [5] by another generating series 

1 



E znp n(x) 



1_ ' e !(i+2*V 



n=0 ^ - T+i« 

but Philippe Biane kindly pointed out (personal communication, 2012) that it is necessary to 
replace this generating series by the series 

1 



1 - ze^-*'x 
for the proofs of Lemmas 18 and 19 of [B] to be correct. 

3.6.2. Another construction. Theorem 13.71 has to be read in parallel with the classical Hall 
transform definition, which will be stated in Section I 



Theorem 3.7. Let (C^) ieK + be a free unitary Brownian motion, and let (Gt) teK + be a free 
circular multiplicative Brownian motion. Let t G M + . 
For all P G ClI,!" 1 }, 

Tt : P(U t ) ^ e^ Au P(G t ) 

is an isometric map which extends to an Hilbert isomorphism Tt between L 2 (Ut, r) and L^ ol (Gi, r). 
Moreover, this isomorphism is the free Hall transform. 



M, 
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In particular, if (C7t) teR+ and (Gt) feK + are free, for all P G C{X, X 1 }, 

J- t (P(C/ t ))=r(P(C/ t G t )|G t ). 

Theorem 13 . 71 allows us to compute explicitly the free Hall transform on the *-algebra generated 
by Ut and Uf . For example, we have from Section T2.4.4I 

e^ Au X 4 = e Du t X 4 = e~ 2t (x 4 -3£X 3 trX - 2iX 2 tr(X 2 ) - iXtr(X 3 ) 

+4£ 2 X 2 tr X tr X + 4t 2 X tr(X 2 ) tr X - -t 3 X tr X tr X tr X 

from which we deduce that 

F t (u 4 ) = e~ 2t (G 4 - 3tG 3 r(G t ) - 2tG 2 r{G 2 ) - tG t r{G 3 ) 



+U 2 G 2 r(Gt) 2 + 4t 2 G t r(G 2 )TG t - -t 3 G t r(G t 

We computed in the previous section that for all P G C[X], we have r{P{Gt)) = -P(l)- Thus, 
we have 



Ti (Ut) 



-it 



G\ - 3tG\ - 2tGf - tG t + 4t 2 G t 2 + At 2 G t - -t d G, 
Gf - 3iGf + (4t 2 - 2i)G 2 + (--t 3 + 4t 2 - t\ G t 



Proof. We will prove in a first step that for all P G C{X, X 1 }, we have 



(24) 



\\P(U 



t)\\L2(Ut,T) 



e^ Au P{G t ) 



LlAGur) 



This proves the isometry, and so the extension to a Hilbert isomorphism T between L 2 (£/j,t) 
and T(L 2 (U t ,T)) c L\ oX (Gt,T). The surjectivity is clear since for all P G C{X,X -1 }, 



P(G t 



ei Au e—2 Au P(G t ) = F t (e—2 Au P(U t )). 



The equality with the free Hall transform will be made in a second step, and the last part of 
Theorem 13.71 follows Proposition 13, 3\ which says that for all P G C{X, X" 1 }, 

e^P(G t )=T(P(U t G t )\G t ). 

Step 1. With the aim of proving ([21]), we work on the *-algebra C{X, X' 1 , X* , X*^ 1 } . Let us 
define the subspace C of C{X, X _1 ,X*,X*~ } which is generated by elements of 

{p tr(Pi) • • • tr(P n ) :P ,...,P n monomials of C[X, X" 1 ]} . 

Replacing the pairs XX" 1 = X _1 X by 1, we observe that for all P G C{X, X _1 ,X*,X* _1 } 
there exists P G C such that 

,2 2 



\\p(Ut)\\h( Ut ,T)= nut) 



L 2 (Ut,r) 



Moreover, 



J*ol(G*,T) 



r(P(U t G t )\ G t )\\ 2 LLi{GuT) = r(P(U t G t )\G t ) = e^P(G t ) 

e-i Au P(G t ) 



e -2 A UP(G t 

Thus, it remains to prove that for all P G C, we have ||-P(^t)||x^(i/ f T ) 



2 

L lJGur) 
2 
LLAGur) 
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Let P G C. Proposition 13.31 gives us that 



\\P(Ut)\\h(u t ,r) = r(p(U t )P{U t 
= T (PF*(U t j) 



and Proposition 13.51 gives us that 



ei 



Au nG t )( LUGuT) = r((e^P(G t ))(e^P { G t) y) 
= r((eWp( e Wp)*)( Gt )) 

= (e5^( e l^ppp)'))(l), 

It remains to prove that for all P G C, e* Au {P*P) = el AGL (et A ^P (e^ Au p\ 

Let us define the subspace £ of C{X, X^ 1 ,X* ,X*~ } which is generated by elements of 

{P Q* tr(PiQ^) • • • tr(P n Q*) : P , Q , • • • , P», Qn monomials of C[X, X" 1 ]} . 

We remark that the space £ is invariant by the product - tr and by the operators Ajj and Aql- 
Moreover, the algebra (£, - t r) is generated as an algebra by the elements of 

(PQ* : P, Q monomials of C[X, X" 1 ]} . 

Let us define the auxiliary derivations A^ and Ay on (£, - tr ) in the following way. For all P, Q 
monomials of C[X,X~ l ], we set A+(PQ*) = (Aj/P) • Q* and A^{PQ*) = P ■ (A V Q)*, and we 
extend A^ and A^ to all £ by linearity and by the relations 

VP, Q G £, A± (P tr Q) = (a±p) tr Q + P tr (a±q) . 

The operator A^ and A^ are such that for all P G C we have 

e Wp ( e Wp)* = e f A J (p( e f A ^P*)) = ef A ^ A ^(PP*). 

Let us observe that for all P G C, we have by linearity that PP* G £. We can now reformulate 
what we wanted to prove. It remains to verify that for all Q G £, ea U Q = ez GL ez uez uQ. 
More precisely, the end of the demonstration is devoted to proving that Ajj = Aql + Ay- + Ay, 
and that Aql, Ay and Ay commute on £ (they do not commute on all C{X, X -1 , X*, X*~ }). 
Because Au,Aql, Ay and Ay are derivations on £ , it suffices to verify the properties on 
elements of {PQ* : P, Q monomials of C[X, X" 1 }} . 
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For example, let m.neN, and set P = X n and Q = X m . We have 
Au(PQ*) = (m + n)PQ* -2 £ X n " i+J ' tr(X^')Q* 

l<i<j<n 

-2 g ^(^~ 1 *) m_i+J 'tr((X- 1 *) i - J ') 



l<i<J<77l 



+2 ^ X*- 1 (X- 1 *) m - J 'tr(x n+1 - i (X- 1 *) J ) 

l<i<n 
l<j<m 

(nP -2 ^ X n - i+ - 7 'tr(jr- J ')JQ* 

V l<i<j<n ) 

+p(mQ* -2 £ (X~ 1N 

\ Ki<)<m 



\m-i+j 



tr((X 



-l*\i-JN 



+A GL (PQ*) 
= A GL (PQ*) +A+(PQ*) + A^(PQ*). 

The other cases are treated similarly, and we have Ajj = Aql + A^ + Ay. 

The commutativity is less obvious. For all m, n G N, and P = X n and Q = X~ m , we have 

A+(PQ*) = nPQ*-2 ]T X n ~ i+j tr(X^')Q* 

l<i<j<n 

= nPQ*-2 J2 iX i tv(X j )Q*. 

l<i,j<n 
i+j=n 

Let us fix m, n € N, and P = X n and Q = X~ m . We have 

( \ 

-2 J2 ^" 1 (X- 1 *) m -'tr(x n+1 - i (X- 1 *) z 



A+A GL (PQ* 



A^ 



V 



l<i<n 
KKm 



J 



Ki<n 
KKm 



-2n Y, ^ 4 " 1 (^" 1 *) m " / tr(x n+1 - i (X- 1 *) 



+ 4 J2 J2 jx j ix(x k )(x- 1 *) m - l ix(x n+1 - i (x 



-n+l-if v~l*\l 



Ki<n Kj,k<i-1 
KKm j+fc=i-l 



+ 4 Z Z i^-^x- 1 *)" 1 -^!^^- 1 *)')^^), 



l<i<n l<j,fc<n+l-i 
l<Km j+fc=n+l— i 



/ 



\ 



A GL A+(PQ*) = A GL 



V 



PQ*-2 J2 iXHriX^Q* 

l<i,j<n 
i+j=n 



J 



-2n Y, ^~ 1 (^ _1 *r^tr(x n+1 ^(X^ 1 *) i 



l<j<n 
KKm 



+ 4 £ Z »tr(X i )X fc - 1 (Jf~ 1 *) m ^ I tr(x <+1 - fc (X- 1 *) 1 ). 



1 < 2 , j < n l<fc<i 
i+j=n KKm 



We compute 
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Y Y itT(X j )X k - 1 (X- 1 *) m - l tT[X i+1 - k (X 



i+j=n l<l<m 



Y Y {i + k-l)tY{X j )tY[X i {X^ 1 *) l )X k - 1 {X^ 1 *) m ^ [j «_ (i _ jfe + i)] 



l^'jjjfc^" l<l<m 

i+j+k=n+l 

Y Y i^{X j )ti(x i {X~ 1 *) l )x k - 1 {X- 1 *) m ~~ l 

l<i>j>k<n l<l<m 
i-\-j-\-k=n+l 



m—l 



+ Y Y (k-i)tT(x j )tT(x i (x- i y)x k - i (x~ i y 

l<ij>k<n l<l<m 
i-\-j-\-k=n+l 

Finally, we conclude that AqlAjj(PQ*) = A^Agl(PQ*), using the following computation: 



Y Y jX i - 1 {X- 1 *) m ~ l tr (X^X- 1 *) 1 ) tr (x 



rk 





i <— k ' 




j <- i 




_ k <r- i 


i <— n + 1 — i 


j <- k - 1 


. fc<-j 





l<i<n l<j,k<n+l-i 
\<l<m j+k=n+l—i 

+ Y Y J^ i tr(X fc )(X- 1 *) m - ; tr(x n+1 - i (X- 1 *) 

l<!,KnO<j<n-l 
l<l<m j+k=i-l 

where we remarked that the case j = does not contribute in the last sum. 

The other cases of P, Q are similar, as well as the cases of the other couples of operator among 
the operators Aql, Ay and A^}. 

Step 2. We prove now that the isomorphism T± is indeed the free Hall transform. It can be done 
using the factorization of Section n.2.31 More precisely, with the aim of working on polynomials, 
we will use the identity P (G t ) = P\ Gt (G t ) for all P £ C{X}. 

Recall that §Aj/ coincides with Dj/ t on C{X} (see Section fcAip . For all P G C[X], we have 
(e Du tP)\ Gt = Gt(P). Indeed, P i-> (e D ^P)| Gt and P i-> g t (P) respect both the degree of P, and 
are isometries between (C[X], || • \\u t ) and (C[X], || • ||c t ) for the norms || • \\u t : P i-> ||P(t/t)||2 
and || • \\a t '■ P i-> ||-P(Gt)||2- The equality is then obtained by induction on the degree of P, 
provided that the leading coefficients are multiplied by the same factor. It is in fact the case: 
the coefficient of the leading term is multiplied by e~ nt ' 2 if the degree of polynomial is n (see 
the computation at the end of Section 12.4.41 for Pi->(e Uf P)\c t and the definition of Qt in 
Section IP1 for P ^ Q t (P)). 

This proves that for all P € C[X], we have P t {P(U t )) = e^ Au P(G t ) = e Du tP(G t ) = 
(e u tP)\c t {Gt) = Gt[P){Gt), establishing the equality between T t and the free Hall trans- 
form on the algebra generated by Ut- The same reasoning can be made on C f^^ 1 ] , and finally, 
J~t and the free Hall transform coincide on the algebra generated by Ut and c7 t ~ . Because they 
are isomorphisms, this equality extends on L 2 (Ut,r). □ 

4. Random matrices 

In this last part of the paper, we will give two applications of the previous results. The first 
one, Theorem 14. 6} is the characterization of the distribution of a Brownian motion on GLn(C) 
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in large N limit. The second one, Theorem 14. 7\ establishes that the free Hall transform is the 
limit of the classical Hall transform for Laurent polynomial calculus. 

Let us fix first some notation. Let N be an integer and let Mjv(C) be the space of matrices 
of dimension N, with its canonical basis (-E a b)i<a6<iV- If M € Mjv(C), we denote by M* the 
transpose of M, by M the conjugate of M, and by M* the adjoint of M. Let us denote by 
TV : Mjv(C) — > R the usual trace, and by tr : Mjv(C) — > R the normalized trace jj Tr, which 
makes (Mjv(C),tr) a non-commutative probability space. 

4.1. Brownian motion on U(N). Let U(N) be the real Lie group of unitary matrices of 
dimension N: 

U(N) = {U £ Mjv(C) : 17**7 = I N }. 
Its Lie algebra u(iV) consists of skew-hermitian matrices: 

u(N) = {M e Mtv(C) : M* + M = 0}. 
We consider the following inner product on u(N): 

(X,Y)^(X,Y) u{N) =NTr(X*Y). 

This real-valued inner product is invariant under the adjoint action. Thus, it determines a 
bi-invariant Riemannian metric on U(N) and a bi-invariant Laplace operator Amjv)- Let 
(X\, . . . ,X N 2) be an orthonormal basis of u(N). Let us denote by (X\, . . . ,X N 2) the right- 
invariant vector fields on U(N) which agree with (X\, . . . ,X N 2) at the identity. The Laplace 
operator Aj/nv) i s the second-order differential operator Ya=i X i- 

The (right) Brownian motion on U(N) is a Markov process starting at the identity, and with 
generator ^A^jv)- 

4.1.1. Computation of Ajj( N y We have already at our disposal an operator Ajj on C{X, X -1 }, 
defined in Section 14.11 We will see in Lemma 14.11 that the operator Am^n differs from Ajj by 
an auxiliary operator -^-Ajy. 

Let us define this operator Ay on C{X, X" 1 }. Let k,l E N, and X±, . . . ,Xk+i G {X, X~ x }. 
For all 1 < i < k + I, set l(i) = 0, r(i) = 1 and e(i) = 1 if 7Q = X, and i(j) = 1, r(i) = and 
e(i) = -liiXi =X~ 1 . 

For all 1 < i < k < j < k + I, the term X { ■ ■ ■ X j refers to the product xf^X i+ i ■ ■ ■ X^iXf l \ 
that is to say the product X{ ■ ■ ■ Xj including or not 7Q and Xj according to 7Q and Xj , and 

I I r(i) l(i) 

the term Xj • ■ ■ 7Q refers to the product X-Xj + i ■ ■ ■ X^+iXi ■ ■ ■ 7Q_i7Q , that is to say the 
product Xj ■ ■ ■ Xk + iX\ ■ ■ ■ Xi including or not Xi and Xj. 
We set 

(VuXi ■ ■ ■ Xfc, V[/Xfc + i • • • Xk+i) 



Y, e(i)e(j)Xi ■ ■ ■ X i ■ ■ ■ X J ■ ■ ■ X £ ( fc+/ )x e ( fc+1 ) • • • Xj ■ ■ ■ X • • • X< k \ 

\<i<k<j<k+l 

Let n S N, and 7b> ■ ■ ■ ,Pn be monomials of C (X, X -1 ). We set 
(25) A u P trP 1 ---trP n 



2 J2 (VuPo,VuP m ) tr Pi • • • tePn ■ ■ ■ tr P n 

+ Y, PotrP 1 ---t^ l ---t^P^ / ---tvP n tr(V u P m ,V u P n 



m=l 



Km,m'<n 
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and we extend Ay to all C{X, X 1 } by linearity. 
Let us denote by U the identity function of U(N). 

Lemma 4.1. For all P G C{X, X -1 }, we /iave 

A^) (P(C/)) = ((Ay + pA,)?) ([/). 

Proof. Recall that (Xi, . . . , X N 2) is an orthonormal basis of u(N), that (X\, . . . , X N 2) are the 
right-invariant vector fields on U(N) which agree with (X\, . . . ,X N 2) at the identity, and that 
the Laplace operator A^jy) is the second-order differential operator J2 a =i ^a- 
It suffices to prove that for all P and Q monomials of C (X, X" 1 ), we have 

(26) A U(N) P(U) = (A V P) (U) 

and 

N 2 -, 

(27) J2 X " ( p ( [/ )) tr *<* ( W)) = ff2 < V ^ P ' VuQ) (U) 

a=l 

Indeed, let Pq, . . . , P n be monomials of C {X, X^ 1 ). It follows from (|26[) and (|27p that 
A u(N) (P trP 1 ---trP n )(U) 

r A uW I\ i (U))ttP 1 (U)'--ixP n (U) 



si 

+ J2 Po(U)tTPi(U) • • -tr (A c/(Ar) P m (C/)) • ■■ixP n (U) 

m=l 

n N 2 

+ 2 E E (XaPo(U)) tiPi(U) • • • tr (x o P m (t/)) • • -tr P n (U) 

m=l a=l 

N 2 

+ E T, P o(U)trP 1 (U)---tr( K X a P m (U))---tr( K X a P^(U))---trP n (U). 



l<m,rn' <n a=l 

Thanks to the structure equations (fT2"j) and ([25]) of A;y and A[/, we deduce that 

A c/(JV) (PotrP 1 ---trP n )(C/) 

= (A [/ P )(LT)trP 1 (C7)---trP n (LT) 

n 

+ J2 Pii(U)irPi(U) ■ ■■tr(AuP m ) (U) ■ ■ -tr P n (U) 



m=l 

2 n N 2 

+]^2 E E (Vc/Po, V^P m ) (tf) trPi(CT) • • • tr P m (U) ■ ■ -trP n (C/) 

m=l a=l 

+]V2 E E P o(^)trPi(C/)---trP^(LT)..-trP^(LT)..-trP n (t/) 

l<m,m'<n a=l 



■tT(VuP m ,VuP m ')(U) 

» + * 

and Lemma 14. II follows by linearity. 



A v (P tr Pi ■ • • tr P n ) (£/) + ^ At/ (Po tr P • • • tr P n ) (£/), 
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The end of the proof is devoted to proving (|26p and (|27p . For 1 < a < N 2 , we have 
X a (U) = XJJ and X a (U~ l ) = f^o^U)' 1 = ^L| t=0 ([f-i e -'*«.) = -U~ l X a . Therefore, 



-A' 



the expression of J2 a =i X a ® X a will be useful. Let us fix the basis 
{Xi, . . . ,X N 2} 

iEa ' a 1 < a < N) U J^_Jk, 1 < G < 6 < ivl U L ^+fM i < G < 6 < ^ 



'JV J I V2iV J I V2N 

We have 

AT 2 JV -. 

iV^X a ®X a = - J2 E a,a <8> #a,a + 5 E ( E ».& " S m) ® (#a,& " E b>a ) 
a=\ o=l l<a<6<Af 

- - E (£ a>6 + S 6 , a ) {E a)b + E 6j0 ) 
l<a<6<Af 

= -^2E ata ®E aja - Y E b,a® E a,bC~ Y E a,b ® E b,a 
o=l l<a<6<Af l<a<b<Af 

= - E E a)b (g)E b:a . 
l<a,b<N 

From which we deduce that 

TV 2 1 

E (X*(U) ® ^a(f/)) = -T7 E ^^ ® E b,aU, 
a=l l<a,b<N 

N- 



Y (Xa{U) ® X^C/" 1 )) = ^ E ^^ ® ^M- 
a=l l<a,b<Af 

AT 2 1 

and E (^a(^ _1 ) ® XaiU" 1 )) = — - Y U ~ ±E a,b ® U~ l E b , a . 

a=l l<a,b<N 

We can now compute fl2SD and ([27]). Let fe,Z G N, and Xi , . . . , Xfc+j G {XX" 1 }. For all 
1 < i < & + i, set e(i) = 1 if X; = X, and e(i) = -1 if Xj = X -1 . 

Ac/(iV) (P(C/)) = 2^a(^ e(1) -"^ ( * r 
a=l 

AT2 

«(fc) 



£ £ j 7e (l)...^(i-l)jp2^ e (i)^ e (i+l)... z/e 



a=l l<j<fc 

2V 2 



+ E 2 E u<v---x a (u<v)---x a (u^)---u<v 

a=l l<i<j'<A: 



N 



-2 E e W £ C?) Ui---X i ---X r --X fc tr(X i ---X i ) )([/) 

l<i<j<k \ 

(Ac/P) (CO 
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and 

JV 2 



a=\ 



J2x a (P(U))tiX a (Q(U)) 

N 2 

J] Xa (V (1) • • • U^) tr X a (U< k+ ^ ■ ■ ■ U^ k+l \ 

a=l 

1 TV 2 

Jr E E (^ (1) • • • *« ( U<1) ) ■ ■ ■ U€{k) ) Tr { U<k+1) ■'•X° ( UeU) ) ■ ■ ■ Ue(k+l) ) 



l<i<k<j<la=l 



\- 2 E e (*>0') (*i •••*<■ ••*/■•• x e ( fc+ ')x^ fc+l ) • • • x, • • • x, • • • x e « ) (c/) 



AT2 



i<i<fc<j<fc+i 



AT2 



<Vi/P,Vt/Q)(y), 



where we have used that for all A, B,C,D G Mjv(C), we have 

]T AE^BE^C = Tj:(B)AC and £ AE , 6 P Tr(CP M D) = ADCB. 

l<a,b<N l<a,b<N 

Corollary 4.2. Let (U t ) be a Brownian motion on U(N). 

Let t£R+ andP G C{X, X^ 1 }. We have 



□ 



E 



^ 02 



rW 



A&u + ik&u) 



P(l). 



Proo/. For all teR + and P G C{X, X^ 1 }, thanks to Lemma I4TT1 we have 



dt 



-E 



P U, 



r(JV) 



E 



Ar/r^P K 



U(N)-r \u t 



Am 



E 



1 

iV~ 2 ' 



(A [/ + — A^PlfC/, 



(iV) 



We conclude with Lemma 12.121 since the maps (t t- >■ E 



P[U t 



tW 



iteR- 



are linear. 



□ 



4.2. Brownian motion on GLat(C). Let GLjv(C) be the Lie group of invertible matrices of 
dimension N. We regard GLjv(C) as a real Lie group, with its Lie algebra qI n (C) = Mjv(C). 
We endow q{ n (C) with the following real-valued inner product: 



(X,Y)^(X,Y) glt 



(C) 



2iVKTr(X*y). 



Unfortunately, this inner product is not invariant under the adjoint action: the left-invariant 
Riemannian metric which it determines does not coincide with the right-invariant Riemannian 
metric. Let us choose the right-invariant Riemannian metric. Let Agl n (c) t> e the Laplace 
operator corresponding to the right-invariant metric. Let (Z±, . . . , Z 2N 2) be an orthonormal 
basis of Mjv(C). Let us denote by (Zi, . . . ,Z 2N 2) the right-invariant vector fields on GLn(C) 
which agree with (Z\, . . . , Z 2N 2) at the identity. The Laplace operator A GLjv (c) i s the second- 
order differential operator J2i=i %?■ 

The (right) Brownian motion on GLn(C) is a Markov process starting at the identity, and 
with generator ±A GLjv(c) . 
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4.2.1. Computation of A G i N n^\. Similarly to A^jm, we will see in Lemma [4.31 that the operator 
A Gijv (c) differs from A G l defined in Section 13,5.11 bv an auxiliary operator j^jAql- 

Let us define this operator A GL on C{X, X* ,X~ 1 ,X*~ 1 }. Let fe, I G N, and Xi, . . . ,X k+l G 

{i.r.r 1 ,!* 4 }. 

For all 1 < i < k + I, set l{i) = 0, r(i) = 1 if X = X or X = X* -1 , and /(f) = 1, r(i) = if 

X = X* or Xi = X~ 1 . 

For all 1 < i < fc < j < fc + I, the term Xi ■ ■ ■ Xj refers to the product X\ Xj + i • • • Xj_iX- , 

that is to say the product Xj ■ ■ ■ Xj including or not Xi and Xj, and the term Xj ■ ■ ■ Xi refers to 

r(j) l(i) 

the product X- Xj + i ■ ■ ■ Xk+iXi ■ ■ ■ Xj-iX^ , that is to say the product Xj ■ ■ ■ X^+iXi • • • Xj 

including or not Xj and Xj. 

For all 1 < i < k + I, set e(i) = 1 if X = X or X = X* , and e(i) = -1 if X = X*" 1 or 

Xi = X~ l . 

For all 1 < i < k < j < k + I, set 5(i, j) = if X u Xj G {X^" 1 } or if X u Xj G {X*^*" 1 }, 

and 5(i,j) = 1 if not. 

We set 

(VgzXi • • • Xfc, VglIhi • • • Xfc+i) 



= 2 ^ ^,j)eWe(i)X 1 .--X---X r --X^ +/ )X^+ 1 )---X i ---X---X £ ( fc ). 
i<i<fc<j<fc+i 

Let n G N, and P , . . . , P n be monomials of C{X, X*, X -1 , X* -1 }. We set 

(28) AGLPotvPf-tvPn 

n 

= 2 J2 (Vgl^o, V GL P m ) tr P l ■ ■ ■ teKi ■ ■ ■ tr P n 

m=l 

+ ]T PotvP 1 ---tfp m ---t^P^ l ---tvP n tv(V GL P m ,V GL P m ,). 

l<m,m'<n 

We extend A GL to all C{X,X*, X^X*^ 1 } by linearity. 
Let us denote by G the identity function of GLn(C). 

Lemma 4.3. For all P G C{X, X* , X" 1 , X*^ 1 }, we /iawe 

Agz^Q (P(G)) = ((Agl + ^ A GL )P) (G). 

Proof. The proof follows the demonstration of Lemma 14.11 

Recall that (Z\, . . . , Z 2 ^-i) is an orthonormal basis of Mjv(C), that (Zi, . . . , Z 2 n^) ar e the 
right-invariant vector fields on U(N) which agree with {Z\ , . . . , Z 2 n 2 ) at the identity, and that 
the Laplace operator A GLn (q is the second-order differential operator J2 a =i %a- 

It suffices to prove that for all P and Q monomials of C{X, X*,X _1 ,X*~ }, we have 

(29) A GLn{c) P(G) = (A gl P)(G) 

and 

2N 2 -. 

(30) Y, Z* ( p (°)) tr Z* (Q(°)) = ^2 ( V glP, VglQ) (G) 

a=l 
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Indeed, let P , . . . ,P„ be monomials of C{X,X* ,X~ 1 ,X*~ 1 }. It follows from (J29J) and ([30]) that 
A GLjv(c) (P trP 1 ---trP n )(G) 

[A GLN{C) P (G)) tiPi(G) ■ ■ ■ tr P n (G) 



si 

+ £ P (G) trPi(G) • • • tr (A GLjv(c) P m (G)) • • • tr P n (G) 

771=1 

n 27V 2 

+ 2 E E (^ P o(G)) trPi(G) • • • tr (z a P ro (G)) • • • trP n (G) 

m=l a=l 

27V 2 

+ E E p o( G ) trp i( G )--- tr (^ Pm(G ' ) )""" tr (^ jR - (G ' ) )""" trjP ™ (G ' ) - 



l<m,m' <n a=l 

Thanks to the structure equations ([22]) and ([25]) of A G ^ and A G £ , we deduce that 

A Gijv(C) (P trP 1 ---trP n )(G) 

= (A GL P )(G)trP 1 (G)---trP n (G) 
v. 
+ £ Po(G)trP(G) • • -tr (A GL P m ) (G) • • -tr P n (G) 



m=l 



2/V 2 



+^2 E E (VglPo, V GL P m ) (G)trPi(G) • • • tr P m (G) • • -tr P n (G) 



N 2 



m=l a=l 



27V 2 



+^2 E E P o(G)trP 1 (G)---trP m (G)---trP m ,(G)---trP n (G) 



l<rn,m'<n a=l 



tr(V GL P m ,V GL P m ,)(G) 
1 



= A GL (P tr P x • • • tr P n ) (G) + -^ A GL (P tr P x • • • tr P n ) (G), 

and Lemma 14.31 follows by linearity. 

Let us prove pj]) and pn]). For 1 < a < 2iV 2 , we have Z a (G) = Z a G, 



Z a G- 1 



df 



-i d 



Z a (G*) 



t=0 

d 



and Z a ( G 



df 

M = _d 

dt 



V y dt t=0 v 



(e tZa G 



i=0 



i=0 



e tZa G 



A 

~ df 

*-i _ d 
" dt 



i=0 



G*e 



-tZ a 



tZ a * 



"G Z a , 



G*Z! 



t=o 



e -tZ; G * 1\ = _ Z *Q-l_ 



Therefore, the expressions of Eo=i ^ a ® Z a , Ea=l Z, ® z t and Ea=i ZJ ® z l will be useful. 
Let us fix the basis 

{Zi, . . . , Z 27V2 } = {-i^a,6, 7= Pa ' & : 1 < a, 6 < A^}. 



We have 



V 



^Z a ®Z a = ^ ^7 p a,fe % E a)b + Y. W^ E a,b ® E a , b = 0, 



a=l 



Ka,b<N 



2N' 



Ka,b<N 



2N 
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N 2 

a=l l<a,b<N l<a,b<N l<a,b<N 

N 2 

and J2 K ®K= E ^N E ha ® E bA + E ^M ® S M = °- 

o=l l<a,b<7V l<a,6<7V 

From which we deduce that we have X)a=i Za{G e ) = for all e G {1, — 1, *, * — 1}, 

27V 2 TV 2 

E (X(G) ® ZaiG- 1 )) = E (^(G*) ® Za{G*~ 1 )) = 0, 

a=l a=l 

2/V 2 -. 

E (^a(G0 ® Z a (G*)) = - E ^ G ® G *^M, 

a=l l<a,6<7V 

2JV 2 -. 

E (^a(G) Z a (G*^)) = -- J^ E a)b G ® E Ka G*~\ 

o=l l<a,6<7V 

2JV 2 , 

E (^.(G- 1 ) ® Z«(G*)) = -- J2 G- x E a>b G*E b>a , 

a=l l<a,b<7V 



2/V 2 



and E (^(G" 1 ) ® ^(G*" 1 )) = ^ E G" 1 ^ ® ^G*" 1 . 

o=l l<a,fe<iV 

Let MeN, andIi,...,X w G {X,X*, X^X*" 1 }. 

For all 1 < i < k + I, set e(t) = 1 if X t = X or X t = X*, and e(i) = -1 if X { = X*^ 1 or 

For all 1 < i < k < j < k + I, set 6(i,j) = if X u Xj G {X,X~ 1 } or if X h Xj G {X*,^*- 1 }, 

and S(i,j) = 1 if not. 

For all 1 < i < k + 1, set Gj = Xi(G). We can now compute 

2iV 2 

A GLn(c) (P(G)) = E4 2 (f?i---G fe ) 
0=1 

2/V 2 

= E 2 E G 1 ---Z a (G i )---Z a (G j )---G k 

a=l l<i<j<k 



-2 E 5(i, j)e(i)e(j) • Xi---X i ...X i ---X fc tr(X i ...X i ) ) (G) 

l<i<j<k \ 

(AglP) (G) 



and 
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27V 2 



a=l 



Y,Z a (P(G))trZ a (Q(G)) 

27V 2 

/ , Z a (G\ ■ ■ ■ Gk) tr Z a (Gk+i • ■ ■ Gk+i) 

a=l 

, TV 2 

JV £ zZ(Gi---Z a (d) ■■■G k ) Tr (G k+1 ■ ■ ■ Z a (Gj) ■ ■ ■ G k+l 



l<i<k<j<la=l 



-j Y, S(i,j)e(i)e(j) [X l ---X l ---Xy. x«(*+0x«(*+i) • • • X j ■ ■ ■ X, ■ ■ ■ X^ (G) 



N 2 



N 2 



l<i<k<j<k+l 

(V GL P,V GL Q)(G) 



where we have used that for all A, B,C,D G Mjv(C), we have 

£ AE a>b BE b!a C = Tr(B)AC and £ AE ajb BTr{CE bA D) = ADCB. 



□ 



Ka,b<N 



Ka,b<N 



Corollary 4.4. Ze£ (G 



,(7V) 



6e a Brownian motion on GLn(C). 



LetteR+ and P G C{X, X*^" 1 , X*" 1 }. We /iove 



E 



PIG 



Y (7V) 



e §(A GZ ,+^A G£ )p/-j\ 



Proo/. For all t G R + and P G C{X, X*, X" 1 , X*" 1 }, thanks to Lemma 1431 we have 



P[G\ 



- 2 ^gl n{ c)P [G\ 



We conclude with Lemma 12.121 since the maps (t t- > E P (G t J ) te K+ are linear. 



□ 



4.3. The Hall transform. In this section, we introduce the Hall transform, and study it on 
the particular case of the unitary group U(N). We refer to [TT] or [5] for more details. The 
major difference is that Hall and Driver work with left-invariant metrics and Laplace operators. 
Because we chose to work with right Brownian motion, we will only consider right-invariant 
metrics and Laplace operators. The necessary modifications are minors. 

4.3.1. Definition. Let K be a compact connected Lie group, with Lie algebra t. Let (•, •){ denote 
a fixed ^-invariant inner product on t. It determines a bi-invariant Riemannian metric on K 
and a bi-invariant Laplace operator A^-. For all t G R + , let dpt be the heat kernel measure on 
K at time t, that is to say the probability measure on K which corresponds to the law at time 
t of a Markov process starting at the identity and with generator ^A-k- For all t G M + , the 

operator ea K over L 2 (K, dpt) is given for all / G L 2 (K, dpt) by ea K f : x h-> J k f(yx) dpt{y). 
Let G be the complexification of K, with Lie algebra g = I © it. Let us endow t with the 
(real-valued) inner product given by (K\ + iK2,K% + iK^g = 2(Ki,Ks)i + 2(K2,K/£)i for all 
K\, K2, K^,K4 G t: it determines a right-invariant Riemannian metric on G and a right-invariant 
Laplace operator A^. For all t G M + , let d//£ be the heat kernel measure on G at time t, that is 
to say the probability measure on G which corresponds to the law at time t of a Markov process 
starting at the identity and with generator \&-g- 
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In [TT], Hall considers another inner product on g, setting for all K\ , K<i , K3 , K4 £ t, (isTi + 
iK2,K^ + i-JQ) = (Ki,Ks)i + {K2,K4)t. It determines a right-invariant Riemannian metric 
on G and a right-invariant Laplace operator A. For all £ £ M + , d//£ is the "half heat kernel" 
measure on G at time £ for this other metric, that is to say the probability measure on G which 
corresponds to the law at time £ of a Markov process starting at the identity and with generator 
jA. Since we will work with Brownian motions, it is more convenient for us to see dpt as a 
heat kernel measure than to see it as a "half heat kernel" measure on G. 

For all £ £ M + , we denote by L^ ol (G, dpt) the Hilbert space of holomorphic function in 
L 2 (G, d/it). The fact that L^ ol (G, dpt) is a Hilbert space is not trivial. It is a part of Hall 
theorem which may be stated as follows (see Theorem 1' of |llj or Theorem 1.16 of [H]). 

Theorem (Hall [H]). Let £ £ M. + . For all f £ L 2 (K, dpt), the function e% K f has an analytic 
continuation to a holomorphic function on G, also denoted by ea K f . Moreover, e^ K f £ 
L^ ol (G, dfJit) an d the linear map Bt : / »->■ ea K f is an isomorphism of Hilbert spaces between 
L 2 (K, dpt) and L 2 lol (G, dpt) called the Hall transform. 



4.3.2. The Hall transform on U(N). In this section, we take for K the Lie group U(N), whose 
Lie algebra u(N) is endowed with its inner product (X, Y) 1— > {X, Y) u / N \ = N Tr(X*Y). Its com- 
plexification is GL N (C). The Lie algebra of GL N (C) is M N (C) = Qi N (C) = u(N) © iu(N) and 
the corresponding inner product is the already defined (X,Y) 1— > (X,Y) . ,q = 2N$tTr(X*Y). 



r(N) 



Let (Uf )teR+ De a Brownian motion on U(N), and (G^ )tew.+ be a Brownian motion on 



(AT), 



GL N (C). For all £ £ M+, we denote by L 2 {U^ N) ) the Hilbert space 
f [Ut ) '■ f complex Borel function on U(N) such that E 

and we denote by L 2 io[ {G t ) the Hilbert space 

F i G t J : F holomorphic function on GLjv(C) such that E 



f(m 



(N) 



< +CX) 



FIG 



i(N) 



< +OO 



With the notation of the previous section, for all £ £ M. + , dpt is the law of U\ and dpt is 
the law of G t . It is well-known that the map / 1— > f{U^) is then an isomorphism between 



rW 



L (K, dpt) and L ■ (C/ t ), and similarly, F (->• F(G^) is an isomorphism between L^ ol (G, dpt) 
We deduce the following version of the theorem of Hall in the case of U{N). 



and L lo\( G t 



{N)> 



Theorem (Hall [LT])- Lett £ 



(N)s 



Let f be a Borel function on U(N) such that /([/, 



(N), 



The function e% u ( N )f has an analytic continuation to a holomorphic function on 



GLjv(C), also denoted by e 
map 



| A C/(JV)J_ 



,(N), 



Moreover, e^ u ^f{G\ ') £ L 



(G 



(A0> 



and the linear 



(iv). 



J 



and LUG\ N) : 



is an isomorphism of Hilbert spaces between L?{U X 

Ln particular, for all bounded Borel function f, we have Bt[f(U^ )) 

the analytic continuation ofU^-K f (C/ f UJ to all GLn(C). 



called the Hall transform. 



FIG 



,(JV) 



where F is 
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4.3.3. Dilation. For all N G N*, we endow M^(C) with the inner product {X,Y) Mn (q 
jr Tr(X*Y). Let us identify the space 



with L 2 (U t 



(Nh 



f (u$ N) ) : f Borel function from U(N) to M N (C) such that E 



<8> Mjv(C) and the space 

F holomorphic function from GLjv(C) to Mjy(C) 

such that E 



f(u t 



(AT) 



f(g 



(N)\ 



F G 



<N) 



2 

Mjv(C) 



2 
Mjv(C) 



< +oo 



< +oo 



,(^ 



with L^ ol (Gl JV; ) (8) Mjv(C). For all t G 1R+ and TV G N*, we still denote by B t the Hilbert space 
isomorphism B t ® Id Mjv(c) from L 2 (C/ t (Ar) ) ® Mat(C) into Lj^GJ 7 ^) ® Mjv(C). 

Proposition 4.5. Lei i G R+. For all P G C{X,X -1 }, we have 



B t p a 



rW 



P G 



,(JV) 



Proof. Recall that we denote by U and G the identity functions of respectively U(N) and 
GL N (C). We know that for all PeCjI.r 1 }, we have ^ (e5 A ^)P(£/)) = e Ww (±Atf (JV) P(l7) 
Thus, thanks to Lemma I4.1L we have 

_d 

dt 



■A(eWw(P(l7)) 



ez' 



*U(N) 



l(A u + ^Au)P 



Since the maps (P 

CjX,^ 1 } andiG 



. e 2 Aul - N )(P(U))) tm + are linear, Lemma E31 tells us that for all P G 
", we have 






[/(AT) 



:^(to) 



,I(A 



+ lv^ A ^P([/). 



Let P G C{X,X^}. Set / = P(£/). We have e** u wf = e 



r(A t 



rAa) 



P (J7) which has an 



analytic continuation to a holomorphic function on GLtv(C), denoted by F, and by definition 



B t p a 



rW 



= F (G[ N) 

t_(A i 1 X ^ — (A -4- ^ A *1 

It remains to prove that F = e 2 v u jv 2 " U 'P(G), or equivalently to prove that e 2V ^ Iv 2 " U, P(G) 

is holomorphic which is evident since e 2 ^ u jv 2 " U 'P G C{X,X~ }, and coordinates of G and 
G _1 are holomorphic. □ 

4.4. Large N limit. 

4.4.1. Brownian motion on GLn(C). The free circular multiplicative Brownian motion (Gt)t^u+ 
is defined with a free stochastic differential equation driven by a free Brownian motion (see 
Section T3.5p . It can be proved that the Brownian motion on GLjy(C) verifies the same stochastic 
differential equation driven by a Brownian motion on Mjv(C). The following theorem is not 
surprising and reflects a well-known phenomenon: the free stochastic calculus is intuitively the 
limit of the stochastic calculus on Mjv(C) when N — > oo. 

Theorem 4.6. For all iV £ N*, let (G t )( 6 r+ be a Brownian motion on GLjv(C) and let 
(Gt)t£R+ be a free circular multiplicative Brownian motion. For all n G N, and all Pq, . . . , P n G 
C^X*,*- 1 ,.**- 1 ), we have 

[tr (p (Gf )))... tr (P„(GF 



lim E 

JV-»oo 



T(P (G t ))---T(P n (G t )) + O(l/N 2 ). 



:,o 
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Proof. It is equivalent to prove that for all P G C{X,X* ,X ,X* }, we have 



lim E 



tr 



(P(a 



(N) 



r(P(G t )). 



Indeed, Theorem 14.61 is the particular case when P = Pq tr Pi ■ ■ ■ tr P n . 
Let P G Cj^X*,^ 1 ,^- 1 } and t G R+ From Corollary IOI we have 



E 



tr P G 



,(JV) 



i(^GL + ^A GL ) p/j\ 



From Proposition 13. 5} we have 

T(P(G t )) = e^ AGL P(l). 
Let <i be the degree of P. In the finite dimensional space Cd{X, X* , X -1 , X*~ }, we have 

lim e ^ {AGL+ ^ AGL) P = e^ AaL P + 0(1/N 2 ), 

N— >oo 

and since Q *— > Q(l) is linear, we have 

lim e 5 (Ao£+ ^ Ao£) P(l) = e^ AaL P(l) + 0(l/iV 2 ), 

AT— s>oo 

which completes the proof. 



□ 



4.4.2. Hall transform. The non-commutative random variables U\ and G\ give approxima- 
tions to unitary Brownian motion Ut and circular multiplicative Brownian motion Gt at time t. 
The following result states that the Hall transform also goes to the limit as N tends to oo. 

We recall that for all t G M+ , Qt is the free Hall transform at the level of Laurent polynomials 
C[X, X -1 ], and that ez u is the free Hall transform at the level of the space C{X,X -1 } (see 
Section 13.61) . 



Theorem 4.7. Let tel + . For all N G N*, let (U t ■ ) tS K+ be a Brownian motion on U(N), 
and (Gf )teR+ be a Brownian motion on GLjv(C). We have 
(1) for all Laurent polynomial P G C[X, X^ 1 ], 

2 



lim 

JV->oo 



Bt(P(U t 



r(A0 



(2) for allP£C{X,X- 1 }, 



lim 



Bt[P(W 



r W 



UP) (g\ n) ) 



e^ P (G[ N) ) 



T 2 



(g[ n A^m n (c) 



LljG ( t N) )®M N (C) 



0(1/N'), 



0(1/N 2 ). 



Proof. Let t G R + and P G Cp^X"" 1 ]. Let iV G N*. From Proposition 03] and Corollary 
we have 



B t (p(y^))-Q t {P)(G 



(N)\ 



LIJg\ N) )®M n {£) 



e ^ A ^^ P {G^)-Q t{ P){G^) 

e i(A GL + ^A GL ) // e |(A t/+ ^A a)p _ at(p) y (L^ u + ^K v ) p _ Qt{p) \\ (1) _ 
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Let d be the degree of P. In the finite dimensional space C<i{X, X*,X _1 ,X*~ }, we have 



JV-s-oo 

= e^ AaL ((eWp _ g t (P)Y (e^ u P - Qt{P))) + 0{l/N 2 ) 
and since Q t— > Q(l) is linear, we have 



lim 



B t (p(ur))-G t (P)(G^ 



T 2 



= e ^GL (^ e ^u P _ g t{P) y (e^up _ g t {pty (1) + 0(l/N 2 ). 

From Proposition 13.51 we have 

e |A Gi ^ e |A P p _ g t(p) y ^A up _ g t{p) ^ (1) 

= r ((e^P(G t ) - &(P)(G t ))* (e* A "P(G t ) - Qt(P)(G t )) 
and by Theorem 13.71 we have ea u P{Gt) — Qt\P){Gt) = 0. Finally, we have 



lim 



WW _r.jm(M N ) 



2 



Bt p lur -Qt(P) GT r9 /W*., = + 0(1/^). 



The second assertion follows using the same argument substituting Qt(P) for ea p . D 

Appendix. The construction of C{Xi : i £ 1} 

In this appendix, the algebra C{Xj : z G /} is constructed as the direct limit of the inductive 
system formed by the family of finite tensor product C (Xi : i G 2} ® C (Xi : i G I)' n . Then we 
verify that when endowed with the appropriate product and center-valued expectation, C{Xi : 
i £ /} is a solution of the universal problem 11.11 

Construction by direct limit. Let n G N. Let E be the subspace of C {Xi : i £ I) ® 
C (Xi : i G I) n generated by the families 

{P ® Pi <8> ■ ■ ■ ® P n - Po ® P CT (i) ® • • • ® P CT ( n ) = Vn G N, P , . . . , P n G C (X : i G I) , a G ©„}. 

Let us denote by C (Xj : i G P/®C (Xj : i G P/ 0n the quotient space of C (X* : i G I)®C (X : i G P; 0n 
by its subspace E. If Po, . . . ,P n G C (Xj : i £ I), we denote the value of Po ® Pi ® ■ ■ ■ ® P n in 
C ^ : « G J) ® C (X : i G I) 0n by P ® Pi • • • P n . 

For all n < m G N, we identify C (X; : i G I) ® C (Xi : i G I) Qn as a subset of C (Xj : i G I) ® 
C (Xj : i £ I}' m thanks to the injective morphism 

z„, m : C (Xj : i G I) ® C (X : t G I) 0n — >■ C (Xi : » G /) ® C (Xi : i G /) 0m 
Po®Pi0---0P n i — > Po®Pi ©•••0Pn0 10 •••©!• 

The inclusion maps (in,m) n<m£ ^ make C (Xi : i G 7)®C (Xj : i G I) ' n an inductive system in the 
sense that for all / < n < m G N, we have %i m = ii n oi nm . The vector space C{Xi : i G 1} is the 
direct limit C{Xi : i G 1} = limC (Xj : i G I) ® C (Xj : i £ I)' n . It is the minimal vector space 
which contains all the tensor products C (Xj : i G I) ® C (Xj : i £ I)' n as subspaces identified 
via the inclusion maps (^n,m) n<mGN - In particular, the space C (Xi : i £ I) is a subspace of 
C{X :*€/}. 
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We have at our disposal a basis of C{Xj : i G I}. Indeed, for all n G N, 

{M © Mi © • • • © M n : M , . . . M n are monomials of C (Xj : i G J)} 
is a basis of C (Xj : i G /) © C (Xj : i G I) 0n . Thus, 

{M © Mi © • • • © M n : n G N, M , . . . M n are monomials of C (X : i G J)} 

is a basis of C{Xj : i G J}, called the canonical basis. 

Let us define now the product and the center- valued expectation of C{Xi : % G I}. 

For all n G N, Mo, . . . M n monomials of C(Xj : i G /), and n' G N, Xo, • • • X n / monomials 
of C(Xi-.ieI)}, let us define the product M ■ N = MN of M = M © M x • • • M n and 

N = N © iVi • • • N n , by 

M ■ N = MN = M N © Mi • • • M n iVi • • • N n >. 

We extend this product to all C{Xj : i G 1} by linearity. Endowed with this product, 
(C{Xj : i G /}, •) is a unital complex algebra. 

Let n G N, and M , . . . , M n G C (Xj : i G I). Set M = M © M 1 • • • M n G C{Xj :«'€/}. 
Let us denote by trM the element 

trM = 1 © M Mi © • • • © M n , 

and we extend the linear map tr to all C{Xj : i G /} by linearity. Defined this way, tr is a 
center-valued expectation. 

We remark that for all n G N, Pq, . . . P n G C (X t : i G I)}, we have P © Pi • • • P n = 
Po tr Pi • • • tr P n . Thus, the canonical basis of C{Xj : i G 1} can be rewritten 

{M tr Mi • • • tr M n : n G N, M , . . . M n are monomials of C (Xj : i G /)}. 

Universal property. The triplet (C{Xj : i G /},tr, (Xj) ieJ -) is now constructed, and it remains 
to prove the universal property. 

Let A be an algebra endowed with a center- valued expectation r, and with a family of / 
elements A = (Ai) i( -j. Let n G N, and Mo, . . . M n be monomials of C (Xj : i G J)}. Let us define 
/(M trMi---trM n ) by 

/ (M tr Mi • • • tr M n ) = r (Mi (A)) • • • r (M n (A)) • M (A) , 

and we extend / to a linear map from C{Xj : i G 1} to A by linearity. The properties of 
polynomial calculus make / an algebra morphism. Moreover, by definition, for all i G /, we 
have f(Xi) = A- Finally, we verify that for all P G C{X t : i G J), we have r(/(P)) = /(tr(P)). 
Let n G N, and P , . . . , P n G C (Xj : i G J). We have 

r(/(P trPi---trP„)) = r (r (P (A)) • • • r (P n (A)) • P (A)) 

= r(P (A))r(P 1 (A))..-r(P n (A)) 

= /(ltrP ---trP n ) 

= /(tr(P trPi---trP n )) 

and by linearity, we deduce that for all P G C (Xj : i G J), we have r (/(P)) = / (tr (P)). 
Thus, there exists a morphism of algebra / from C (Xj : i G J) to A such that 

(1) for all i G /, we have /(Xj) = j4j; 

(2) for all X G X, we have r (/(X)) = / (tr (X)). 

The unicity of such a morphism is clear since / is uniquely determined on C (Xj : i G I) by the 
polynomial calculus, and by consequence / is uniquely determined on the basis 

{M tr Mi • • • tr M n : n G N, M , ...M n are monomials of C (Xj : i G J}}. 
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Indeed, let n E N, and Mq, . . . M n be monomials of C (Xi : i £ I)}. We have 

/(M trMi---trM n ) = f(M )f (trMi) • • •/ (tvM n ) 

= /(M )r(/(Mi))...r(/(M R )) 

= r(Mi(A))-.-r(M n (A)).M (A). 
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